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Preface

Differential geometry studies geometrical objects using analytical methods. Like mod-
ern analysis itself, differential geometry originates in classical mechanics. For instance,
geodesics and minimal surfaces are defined via variational principles and the curva-
ture of a curve is easily interpreted as the acceleration with respect to the path length
parameter.

Modern differential geometry in its turn strongly contributed to modern physics
when, for instance, at the beginning of the 20th century it was discovered by Einstein
that a gravitational field is just a pseudo-Riemannian metric on space time. The basic
equations of gravity theory were written in terms of the curvature of a metric, which
is a geometric quantity. More recently the modern theory of elementary particles was
based on gauge fields, which mathematically are connections on fiber bundles.

In this book we attempt to give an introduction to the basics of differential geometry,
keeping in mind the natural origin of many geometrical quantities, as well as the
applications of differential geometry and its methods to other sciences.

The book is divided into three parts. The first part covers the basics of curves and
surfaces, while the second part is designed as an introduction to smooth manifolds
and Riemannian geometry. In particular, in Chapter 5 we give short introductions to
hyperbolic geometry and geometrical principles of special relativity theory. Here, only
a basic knowledge of algebra, calculus and ordinary differential equations is required.

The third part is more advanced and assumes that the reader is familiar with the
first two parts of the book. It introduces the reader to Lie groups and Lie algebras, the
representation theory of groups, symplectic and Poisson geometry, and the applications
of complex analysis in surface theory. We use Lie groups as important examples
of smooth manifolds and we expose symplectic and Poisson geometry in their close
relation with mechanics and the theory of integrable systems.

This book is a translation (with minor revisions and corrections) of Лекции по
дифференциальной геометрии,6 which is based on lecture notes7 that arose from
a one-semester course given in Novosibirsk State University, and on some advanced
minicourses.

The contents and the concise style of exposition are due to the expectation that the
book will be suitable for a full semester course at the upper undergraduate or beginning
graduate level. During the course at Novosibirsk State University we included a com-
plete treatment of Chapters 1, 2, and 5. Chapters 3 and 4 give a much more detailed
exposition of some further material which was touched upon in the course.

6Lectures on Differential Geometry, 2nd ed., Moscow-Izhevsk 2006.
7Lectures on differential geometry. I. Curves and surfaces. Novosibirsk: NSU, 1998; II. Riemannian

geometry. Novosibirsk: NSU, 1998; III. Supplement chapters. Novosibirsk: NSU, 1999.



vi Preface

Note that, unless specified to the contrary, repeated upper and lower indices imply
summation. For example

aikv
k WD

nX
kD1

aikv
k where v 2 V; n D dim V:

Although this notation rarely appears in textbooks, it is widely used in scientific pub-
lications, especially in physical applications of differential geometry. It is one of the
more practical ways in which the book will be useful for students with wider interests
in such applications of differential geometry.

The Bibliography is shorter than the list that appeared in the Russian edition, which
contains many publications unavailable in English translation. Hence we have added
supplementary reading sources in English. For further bibliography we refer to [4].

Novosibirsk, February 2008 I. A. Taimanov
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Part I

Curves and surfaces





1

Theory of curves

1.1 Basic notions of the theory of curves

Let Rn be the n-dimensional Euclidean space with coordinates x1, : : : , xn. The
distance �.x; y/ between points x D .x1; : : : ; xn/ and y D .y1; : : : ; yn/ is defined
by the formula

�.x; y/ D
p
.x1 � y1/2 C � � � C .xn � yn/2:

For brevity, we denote an n-dimensional vector space over the field R also by Rn,
assuming that it is always clear from the context which object is meant. We use the
notation .v; w/ for the standard inner product in the vector space Rn:

.v; w/ D v1w1 C � � � C vnwn: (1.1)

By “smooth” we mean “differentiable as many times as required”. In all assertions,
the reader can easily reconstruct what smoothness we need or understand the word
“smooth” as “infinitely differentiable”.

By a parameterized curve in the Euclidean space Rn we mean a path given by
functions of one-dimensional parameter:

�.t/ D .x1.t/; : : : ; xn.t//:

Also, for brevity, we confine ourselves to the case when this parameter varies in an
interval Œa; b� or on the whole real axis R. Accepting this definition, by a point P of
the curve � we mean the image of the point together with the value of the parameter
t 2 Œa; b�:

P D .�.t/ 2 Rn; t 2 Œa; b�/:
We restrict our exposition to studying regular curves:

• a curve � is smooth if such is the map � .
• a smooth curve � is regular if the derivative of � with respect to the parameter t

is nonzero at all interior points of interval Œa; b�:

d�

dt
.s/ ¤ 0 for a < s < b

and the derivative has nonzero unilateral limits at the endpoints a and b.
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For simplicity, in the definition of regular curves we exclude the possible existence
of singular points at which d�

dt
D 0.

It is natural to identify curves obtained by traversing the same path with different
velocities:

• regular curves

�1 W Œa1; b1�! Rn and �2 W Œa2; b2�! Rn

are equivalent if there is a map

' W Œa1; b1�! Œa2; b2�

such that ' is invertible, the maps ' and '�1 are smooth, and

�1.t/ D �2.'.t// for t 2 Œa1; b1�:
We will identify equivalent curves and consider t and s D '.t/ as different param-

eters on the same curve.

• The length of a (parameterized) curve � W Œa; b� ! Rn, where �1 < a < b <

C1, is the quantity

L.�/ D
Z b

a

ˇ̌̌
ˇd�.t/dt

ˇ̌̌
ˇ dt D

Z b

a

s�
dx1.t/

dt

�2
C � � � C

�
dxn.t/

dt

�2
dt; (1.2)

where �.t/ D .x1.t/; : : : ; xn.t//.
We now have the following lemma.

Lemma 1.1. The length of a curve is independent of the choice of the parameter on
this curve.

Proof. Suppose that �1 W Œa1; b1�! Rn and �2 W Œa2; b2�! Rn define the same curve
and the parameters t 2 Œa1; b1� and s 2 Œa2; b2� are connected by a monotone map
s D s.t/ such that the derivative ds

dt
is defined and positive everywhere. Then it follows

from the chain and substitution rules thatZ b1

a1

ˇ̌̌
ˇd�1dt

ˇ̌̌
ˇ dt D

Z b1

a1

ˇ̌̌
ˇd�2ds dsdt

ˇ̌̌
ˇ dt D

Z b1

a1

ˇ̌̌
ˇd�2ds

ˇ̌̌
ˇ dsdt dt D

Z b2

a2

ˇ̌̌
ˇd�2ds

ˇ̌̌
ˇ ds:

Lemma 1.1 is proven. �

We see that this definition of length satisfies the following natural requirements:
the length of two successively traversed curves equals the sum of their lengths and the
length of a line segment coincides with the distance between the endpoints.

The notion of length is connected with the notion of an arc length parameter, i.e.,
a parameter l such that the length of the part of the curve corresponding to the change
of l from a1 to b1 > a1 is equal to .b1 � a1/.

We now have the following lemma.
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Lemma 1.2. .1/ If l 2 Œa; b� is an arc length parameter on the curve � W Œa; b�! Rn,
then ˇ̌̌

ˇd�dl
ˇ̌̌
ˇ D 1

at smooth points.
.2/ Each regular curve has an arc length parameter.

Proof. Assertion (1) is immediate from the definition of the length of a curve.
Let � W Œa; b�! Rn be a curve with a parameter t . Consider the differential equation

dl

dt
D
ˇ̌̌
ˇd�dt

ˇ̌̌
ˇ :

Since the right-hand side is a smooth function, this equation has a unique solution
with the initial data l.a/ D 0. Clearly, l.b/ D L.�/. Take the inverse function
t D t .l/ W Œ0;L.�/�! Œa; b�, and define l as the parameter on � by the formula

�0.l/ D �.t.l//:
It is obvious that ˇ̌̌

ˇd�0dl
ˇ̌̌
ˇ D

ˇ̌̌
ˇd�dt

ˇ̌̌
ˇ dtd l D 1:

Consequently, l is an arc length parameter on � . Lemma 1.2 is proven. �

1.2 Plane curves

Let � W Œa; b�! R2 be a regular curve on the two-dimensional plane with an arc length
parameter l . Assuming the plane to be oriented, at each point of the curve choose a
basis v, n for R2 such that

(1) v D d�
dl

, in particular, jvj D 1 since the parameter l is arc length;
(2) the vector n is a unit vector orthogonal to v and the basis .v; n/ has positive

orientation.
These conditions determine the frames .v; n/ uniquely. They are called the Frenet

frames.

Theorem 1.1. As the arc length parameter l varies along a plane curve � , the Frenet
frame changes according to the equations

d

dl

�
v

n

�
D
�

0 k

�k 0

��
cv

n

�
: (1.3)
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Proof. Since .v; v/ � .n; n/ � 1, we have

d.v; v/

d l
D 2

�
dv

dl
; v

�
D 0; d.n; n/

d l
D 2

�
dn

dl
; n

�
D 0:

Consequently, v ? dv
dl

and n ? dn
dl

. Since .v; n/ is an orthonormal basis for R2, there
are functions ˛.l/ and ˇ.l/ such that

dv

dl
D ˛n; dn

dl
D ˇv:

But .v; n/ � 0 and therefore

d.v; n/

d l
D
�
dv

dl
; n

�
C
�
v;
dn

dl

�
D ˛ C ˇ D 0:

Put k D ˛ D �ˇ. Theorem 1.1 is proven. �

We arrive at some important notions:

• equations (1.3) are referred to as the Frenet equations (or Frenet formulas) for a
plane curve;

• the coefficient k in (1.3) is called the curvature of a ( plane) curve;
• the radius of curvature of a curve is the value R D jkj�1.

Problem 1.1. If the curvature k of a plane curve � is constant and nonzero, then � is
an arc of a circle of radius R D jkj�1. If the curvature k of a plane curve � is zero
everywhere, then � is a line segment.

To solve this problem, it suffices to find solutions to equations (1.3) with constant
coefficients.

The curvature of a plane curve determines the curve up to motion of the plane R2.

Theorem 1.2. (1) Let k W Œ0; L� ! R be a smooth function. Then there is a smooth
curve � W Œ0; L�! R2 whose curvature equals k.l/.

(2) Suppose that �1 W Œ0; L� ! R2 and �2 W Œ0; L� ! R2 are arc length pa-
rameterized regular curves and their curvatures coincide: k1.l/ D k2.l/ for all
l 2 Œ0; L�. Then there is an orientation-preserving motion ' W R2 ! R2 such that
�2.l/ D '.�1.l// for all l 2 Œ0; L�.
Proof. (1) Choose a positively oriented orthonormal basis .v0; n0/ for R2 and consider
a solution to equations (1.3) with the initial conditions v.0/ D v0 and n.0/ D n0. This
is an ordinary differential equation in R4 with a smooth right-hand side. Therefore, it
has a unique solution. The inner products of the vectors v and n satisfy the system of
equations

d.v; v/

d l
D �2k.v; n/; d.n; n/

d l
D 2k.v; n/; d.v; n/

d l
D k.n; n/ � k.v; v/;
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which, being supplemented with the initial data .v0; v0/ D .n0; n0/ D 1 and .v0; n0/ D
0, has a unique solution; note that this solution is constant. Therefore, for every value
of l the vectors v.l/ and n.l/ constitute an orthonormal basis for R2. Now, define the
curve � by the formula

�.l/ D
Z l

0

v.s/ ds:

It is easy to note that l is an arc length parameter on the curve and v is the velocity
vector with respect to this parameter; moreover, since .v; n/ is an orthonormal basis
and dv

dl
D kn, k is the curvature of � .

(2) Recall that the group of orientation-preserving motions of the Euclidean space
R2 is generated by translations Ta W x ! r C a and rotations � W R2 ! R2 around a
fixed point.

Denote the Frenet frames of the curves �1 and �2 by .v1; n1/ and .v2; n2/. Define
the motion ' as the composition of the translation Ta and a rotation � W R2 ! R2

around the point �2.0/:
' D � � Ta W R2 ! R2;

where
a D �2.0/ � �1.0/; �v1.0/ D v2.0/:

The Frenet frame of '.�1.l// has the form .�v1; �n1/. Since .v1; n1/ and .v2; n2/
both satisfy equations (1.3) and

d

dl

�
�v1
�n1

�
D
�
� 0

0 �

��
0 k

�k 0

��
v1
n1

�

D
�
0 k

�k 0

��
� 0

0 �

��
v1
n1

�

D
�
0 k

�k 0

��
�v1
�n1

�
;

.�v1,�n1/ satisfies the same equation. Further, .�v1.0/;�n1.0// D .v2.0/; n2.0//
by the choice of �. Now, uniqueness of the solution to equations (1.3) with the given
initial data gives the equality

.�v1.l/;�n1.l// � .v2.l/; n2.l//:
It follows from the choice of the translation Ta that

�2.l/ D �2.0/C
Z l

0

v2.t/ dt D '.�1.l//:

Theorem 1.2 is proven. �

The equation k D k.l/ is called the natural equation of a plane curve. By the
previous theorem, it determines the curve up to motion of the plane.
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1.3 Curves in three-dimensional space

The curvature of a regular space curve is the value

k D
ˇ̌̌
ˇd2�
dl2

ˇ̌̌
ˇ ; (1.4)

where l is the arc length parameter.
If we consider a curve �.l/ as the trajectory of a point mass which moves along a

path with unit velocity (i.e.,
ˇ̌
d�
dl

ˇ̌ � 1) then the curvature of the curve is the modulus
of the acceleration vector.

Note that, with this definition, the curvature is always nonnegative unlike the case
of plane curves.

In the case of space curves there are infinitely many ways to define the normal to a
curve. Therefore, henceforth we consider only biregular curves:

• a regular arc length parameterized curve � W Œa; b�! R3 is biregular if d
2�

dl2
¤ 0

everywhere;
• the normal to a biregular curve is the vector

n D
d2�

dl2ˇ̌
d2�

dl2

ˇ̌ :
To obtain the Frenet frame of a curve in R3, we complement the vectors v D d�

dl

and n to an orthonormal basis for R3 with the third vector, the binormal

b D Œv � n�:
Theorem 1.3. Let � be a biregular curve in R3. As the arc length parameter l varies,
the Frenet frame changes according to the Frenet equations for a space curve

d

dl

0
@vn
b

1
A D

0
@ 0 k 0

�k 0 ~

0 �~ 0

1
A
0
@vn
b

1
A : (1.5)

The proof is similar to that of Theorem 1.1. Since .v.l/; n.l/; b.l// is an orthonor-
mal basis for each value of l , the lengths of these vectors are preserved and consequently
the derivative of each of them is orthogonal to the vector itself; therefore,

d

dl

0
@vn
b

1
A D

0
@ 0 a12 a13
a21 0 a23
a31 a32 0

1
A
0
@vn
b

1
A :

We are left with noting that

d.v; n/

d l
D a12Ca21 D 0; d.n; b/

d l
D a23Ca32 D 0; d.v; b/

d l
D a13Ca31 D 0:
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From the definition of n we obtain a12 D k and a13 D 0. Putting ~ D a23, we arrive
at equations (1.5). Theorem 1.3 is proven.

The value ~ in (1.5) is called the torsion of the curve � . The origin of this term is
explained in the following problem.

Problem 1.2. Let k > 0 and ~ be constants. Then the helix �.l/ D .R cos.�l/,
R sin.�l/; �l/ with � D pk2 C ~2, a D ~=�, andR D k=�2 is parameterized by the
arc length, its curvature is everywhere equal to k, and its torsion is identically equal
to ~.

Problem 1.3. Suppose that �.t/ is a smooth curve with some .not necessarily arc
length/ parameter t . Prove the following:

.1/ If the curve �.t/ is regular, i.e., � 0 ¤ 0, then its curvature is equal to

k D j�
0 � � 00j
j� 0j3 I

in particular, the curvature of a plane curve given by the equations �.t/ D .x.t/; y.t//
is equal to

k D jx
00y0 � x0y00j

.x02 C y02/3=2

(here x, y, and z are the Euclidean coordinates in R3/.
(2) The curve �.t/ is biregular if and only if k ¤ 0.
(3) If the curve �.t/ is biregular then its torsion is equal to

~ D .Œ� 0 � � 00�; � 000/
jŒ� 0 � � 00�j2 :

There is also an analog of Theorem 1.2:

Theorem1.4. .1/Suppose thatk W Œ0; L�! Rand~ W Œ0; L�! Rare smooth functions
and the function k is positive. Then there is a smooth curve � W Œ0; L� ! R3 with
curvature k.l/ and torsion ~.l/.

.2/ Suppose that �1 W Œ0; L� ! R3 and �2 W Œ0; L� ! R3 are arc length parame-
terized biregular curves and their curvatures and torsions coincide: k1.l/ D k2.l/

and ~1.l/ D ~2.l/ for all l 2 Œ0; L�. Then there is an orientation-preserving motion
' W R3 ! R3 such that �2.l/ D '.�1.l// for all l 2 Œ0; L�.

The proof of Theorem 1.4 is similar to that of Theorem 1.2.
The equations k D k.l/ and ~ D ~.l/ are called the natural equations for a space

curve. It follows from Theorem 1.4 that they determine the curve up to motion of the
three-dimensional space.
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1.4 The orthogonal group

The Frenet equations (1.3) and (1.5) were derived from the fact that the inner products
of the vectors which constitute the Frenet frames are preserved. We now make a brief
digression devoted to the orthogonal group and derivation of these equations from the
general viewpoint.

A linear transformation A W Rn ! Rn of the vector space Rn is called orthogonal
if it preserves the inner product (1.1). The following lemma is obvious.

Lemma 1.3. Orthogonal transformations constitute a group with respect to the com-
position operation: A � B.v/ D A.B.v//.

The group formed by all orthogonal transformations is called the orthogonal group
and is denoted by O.n/.

We identify the set of linear transformations A W Rn ! Rn with the set of .n � n/-
matrices as follows: let e1; : : : ; en be an orthonormal basis for Rn, then every matrix
A D .ajk/1�j;k�n is uniquely associated with the transformation acting on the basis
vectors by the formula

Aek D
nX

jD1
ajk ej :

Lemma 1.4. A linear transformation is orthogonal if and only if its matrix A satisfies
the equation

A>A D 1n; (1.6)

where A> is the transpose of the matrix A .a>
jk
D akj / and 1n is the identity .n � n/-

matrix.

Proof. Write down the inner product (1.1) as the product of matrices (here we consider
vectors as .n � 1/-matrices):

.v; w/ D v>1nw:

Then
.Av;Aw/ D .Av/>1n.Aw/ D v>A>1nAw D v>.A>A/w

and A is orthogonal if and only if

v>.A>A/w D v>1nw for all v;w 2 Rn;

which is equivalent to (1.6). Lemma 1.4 is proven. �

Considering the entries ajk as coordinates in the n2-dimensional space, we identify

the space of .n � n/-matrices with the n2-dimensional Euclidean space Rn
2
. The
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orthogonal group is distinguished in this space by n.n C 1/=2 polynomial equations
(1.6):

Fjk.a11; : : : ; ann/ � ıjk D
nX

mD1
amjamk � ıjk D 0; 1 � j � k � n: (1.7)

Now, we recall the implicit function theorem:

The Implicit Function Theorem. Let F W U � V ! Rn be a smooth map from the
direct product of domains U � Rn and V � Rk with coordinates x and y to Rn.
Suppose that F.x0; y0/ D 0 and the matrix

J D
�
@F j

@xm

�
1�j;m�n

(1.8)

is invertible at .x0; y0/ 2 U � V . Then there is a neighborhood W � U � V of the
point .x0; y0/ and a neighborhood V0 � V of y0 2 Rk such that

.1/ smooth functions  1; : : : ;  n are defined in V0;

.2/ F.x; y/ D 0 for .x; y/ 2 W if and only if x1 D  1.y/; : : : ; xn D  n.y/.
The matrix �

@F j .x0/

@xm

�
is called the Jacobian matrix (or the Jacobian) of F at x0.

It follows from the implicit function theorem that in a neighborhood of the point
.x0; y0/ the zero set of F looks like the graph of a map V0 � Rk ! Rn; therefore,
the points of this set can be parameterized in a smooth fashion by points of a domain
in Rk .

Theorem 1.5. Let M be a set of points in RnCk . Then the following conditions are
equivalent:

(1) In a sufficiently small neighborhood of each point, M is the graph of a smooth
map

x1 D  1.xnC1; : : : ; xnCk/;
:::

xn D  n.xnC1; : : : ; xnCk/

(1.9)

(with an appropriate numbering of the coordinates x1; : : : ; xnCk).
(2) In a sufficiently small neighborhood of each point,M is the zero set of a smooth

map F W W � RnCk ! Rn such that the matrix (1.8) is invertible in this neigh-
borhood (with an appropriate numbering of the coordinates x1; : : : ; xnCk).
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Proof. It follows from the implicit function theorem that condition (2) implies con-
dition (1). The converse is also valid: define F by the formulas F 1.x/ D x1 �
 1.xnC1; : : : ; xnCk/; : : : ; F n.x/ D xn �  n.xnC1; : : : ; xnCk/. Theorem 1.5 is
proven. �

A subset M which satisfies either of two equivalent conditions from Theorem 1.5
is called a k-dimensional smooth submanifold (without boundary) in RnCk .

z

y

x

z D f .x; y/

Figure 1.1. The graph of a function of two variables.

Example. A sphere of dimension n is given in RnC1 by the equation

.x1/2 C � � � C .xnC1/2 D 1:
It cannot be defined globally as the graph of a function of n variables.

Suppose that, in a neighborhood of a point x 2 M , the submanifold M is defined
as the graph of a map (1.9). Then y1 D xnC1; : : : ; yk D xnCk determine local
coordinates in a neighborhood of x and the function f on M is called smooth at x if
it is smooth as a function of the local coordinates: f D f .y1; : : : ; yk/. Similarly, we
introduce the notion of smoothness for other objects on submanifolds, in particular, for
vector fields.

Let M be a k-dimensional submanifold in RnCk and take x 2 M . Consider the
set of all smooth curves on M passing through x and lying in its neighborhood given
by (1.9). With each curve � we associate its velocity vector at x: v D d�.t0/

dt
, where

�.t0/ D x. Such vectors constitute the tangent space TxM of M at x.

Lemma 1.5. LetM be a k-dimensional submanifold in RnCk . Then the tangent space
at every point ofM is a k-dimensional vector space.

Proof. Every curve � onM passing through x, is the lifting of a curve �0 W Œa; b�! Rk

by means of (1.9). Therefore, the velocity vector d�
dt

has the form

d�

dt
D B

�
d�0

dt

�
D
�
‰�
�
d�0

dt

�
;

�
d�0

dt

��
;



1.4. The orthogonal group 13

where‰� is the differential of the map‰ D . 1; : : : ;  n/ of the form (1.9). The linear
map B has full rank k and therefore is an isomorphism onto its image: it establishes
an isomorphism between the vector spaces Rk and TxM . Lemma 1.5 is proven. �

There is also another equivalent definition of the tangent space:

Problem 1.4. If a submanifoldM � RnCk is defined in a neighborhoodW of a point
x 2 M as the zero set of a map F W W ! Rn, then the tangent space of M at x
coincides with the kernel of the linear map

F� W RnCk ! Rn; F�.v/ D lim
"!0

F.x C "v/ � F.x/
"

:

Important examples of smooth submanifolds are the orthogonal groups O.n/:

Theorem 1.6. The orthogonal group O.n/ is an n.n�1/
2

-dimensional smooth submani-
fold of the n2-dimensional Euclidean space constituted by .n�n/-matrices. Moreover,
the tangent space T1O.n/ at the identity of the group consists of all antisymmetric ma-
trices.

Proof. The identity transformation given by the identity .n�n/-matrix 1n is the identity
of the group O.n/. In a neighborhood of 1n 2 O.n/ divide the variables ajk into two
groups: x corresponds to j � k and y corresponds to j > k. Consider the map

F W Rn2 ! Rn.nC1/=2

given by (1.7). We can easily verify that the following equalities hold at 1n 2 Rn
2

for
j � k; r � s:

@Fjk

@ars
D

8̂<
:̂
2 for j D r and k D s;
1 for j D r and k D s with j ¤ k;
0 otherwise:

Consequently, the matrix
�
@F j

@xm

�
is invertible in a neighborhood of 1n 2 Rn

2
. Since

O.n/ is defined by the equations F D 0, by the implicit function theorem, O.n/ is a
smooth submanifold in a neighborhood of 1n.

If A 2 O.n/ then define the map FA by the formula FA.X/ D F.X � A�1/. Since
O.n/ is a group, O.n/ is also defined by the equations FA D 0. It follows from the
definition of FA that the rank of the Jacobian matrix of FA atA coincides with the rank
of the Jacobian matrix of F at 1n and therefore is equal to n.nC1/

2
. Hence, we conclude

that O.n/ is a smooth submanifold in a neighborhood of every point.
The dimension of the submanifold O.n/ equals n2 � n.nC1/

2
D n.n�1/

2
.

Let � be a smooth curve in O.n/ passing through 1n. We can assume that

�."/ D 1n CX"CO."2/;
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where X 2 T1O is a tangent matrix. It follows from (1.6) that

�."/>�."/ D .1n C .X> CX/"CO."2// � 1n:

Hence, X is an antisymmetric matrix:

X> CX D 0:
Since the dimension of the space of antisymmetric matrices coincides with the dimen-
sion of O.n/, the tangent space of O.n/ at the identity coincides with the space of
antisymmetric matrices. Theorem 1.6 is proven. �

Now, we return to the Frenet equations. Denote by R.l/ the Frenet frame corre-
sponding to the parameter l on a curve � . The passage from R.0/ to R.l/ is given by
an orthogonal transformation A.l/, since all these frames are orthonormal. It means
that we have a smooth curve A.l/ in O.n/ and the columns of A.l/ determine the
decompositions of the vectors of R.l/ in the basis R.0/. The Frenet equation has the
form

dA.l/

d l
D lim
"!0

A.l C "/ � A�1.l/ � 1n
"

� A.l/ D B.l/ � A.l/;
where the matrix B.l/ is antisymmetric, since it is a tangent vector at the identity of
the group O.n/.

Problem 1.5. Prove that for every .n � n/-matrix A the series

expA D 1n C AC 1

2Š
A2 C � � � C 1

nŠ
An C � � �

converges. (Hint: the series for the exponential function exp kAk of the norm con-
verges.)

Problem 1.6. Let A be an antisymmetric .n � n/-matrix. Then �.t/ D exp.At/ is a
smooth curve in O.n/.



2

Theory of surfaces

2.1 Metrics on regular surfaces

A regular surface in R3 is a two-dimensional smooth submanifold in R3.
Using the implicit function theorem, we can make this definition more specific.

A set of points † � R3 is called a regular surface if one of the following conditions is
satisfied:

(1) In a sufficiently small neighborhood of each point, it represents the zero set of
a smooth function F.x1; x2; x3/ such that

@F

@x3
¤ 0

in this neighborhood with an appropriate numbering of the coordinates.
(2) In a sufficiently small neighborhood of each point, it is the graph of a smooth

map
x3 D  .x1; x2/

with an appropriate numbering of the coordinates.
(3) In a sufficiently small neighborhood of each point, it is the range of a smooth

map
r W U � R2 ! R3;

where U is a domain in the .u1; u2/-plane; moreover, the vectors r1 D @r=@u1 and
r2 D @r=@u2 are linearly independent at all points of this domain.

Lemma 2.1. Definitions .1/–.3/ of a regular surface are equivalent.

Proof. The equivalence of definitions (1) and (2) was already established in §1.4 in
the most general form, i.e., for smooth submanifolds in Rn. To prove the lemma, it
suffices to establish equivalence of definitions (2) and (3).

It is obvious that (2) implies (3): it suffices to consider the map r.u1; u2/ D
.u1; u2;  .u1; u2//. To prove that (3) implies (2), apply the following consequence of
the implicit function theorem:

The Inverse Function Theorem. Suppose that F W U � Rn ! Rn is a smooth map
of a domain in Rn to Rn and the Jacobian matrix of this map is invertible at a point
x0 2 U :

det

�
@F j

@xk

�
1�j;k�N

¤ 0:
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Then, in some neighborhood V of F.x0/, a smooth map G W V ! Rn is defined which
is the inverse of F : G � F.x/ � x in the domain G.V / � U .

To prove this theorem, it suffices to apply the inverse function theorem to the map
‰ W U � Rn ! Rn of the form ‰.x; y/ D y � F.x/.

Now, show that (3) implies (2). Take x 2 †. Without loss of generality we may
assume that the matrix �

@x1=@u1 @x1=@u2

@x2=@u1 @x2=@u2

�
at x is invertible and therefore, by the inverse function theorem, in a neighborhood of
x the parameters u1 and u2 are expressed uniquely as functions of x1 and x2: the map
.u1; u2/ ! .x1.u1; u2/; x2.u1; u2// is invertible. Now, note that, in a neighborhood
of x, the surface is the graph of the smooth map

x3 D x3.u1.x1; x2/; u2.x1; x2//:
Lemma 2.1 is proven. �

Although all three definitions are equivalent, henceforth we use the third one, since
it introduces the notion of local coordinates .u1; u2/ 2 U � R2, i.e., quantities which
determine coordinates on the surface near each point.

This definition is convenient in consideration of curves on a surface. In this case
there is no need to define a curve in R3 and then impose the analytic conditions which
would guarantee that it lies on the surface; on the contrary it suffices to define a curve

� W Œa; b�! U � R2

as a smooth map into a domain U . If a curve does not lie in a neighborhood with the
same local coordinates, then it is given as a family of maps to such domains. These
maps are glued in the overlapping domains described by different local coordinates
so that the curve and its velocity vectors (which are different in different coordinate
systems) are defined correctly. Definition of this gluing requires introduction of tensors;
therefore, we postpone it until §3.3, restricting our consideration until then to parts of
surfaces covered by one coordinate system.

Theorem 2.1. Let a smooth map r W U ! R3 define a regular surface † with local
coordinates .u1; u2/ 2 U . Then

.1/ at each point r.u1; u2/, the vectors r1 and r2 determine a basis for the tangent
plane of †;

.2/ the length of a regular curve � W Œa; b�! U on the surface is equal to

L.�/ D
Z b

a

p
I. P�; P�/dt;
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where

I.v; w/ D �v1 v2
� � �E F

F G

�
�
�
w1

w2

�
is the symmetric bilinear form on the vector space R2 depending on the point of the
surface and defined by the formulas

E D .r1; r1/; F D .r1; r2/; G D .r2; r2/;
and P� D d�

dt
D . Pu1; Pu2/ is the velocity vector in local coordinates.

Proof. Assertion (1) follows from the definition of the tangent space. Assertion (2) is
derived from (1.2). Indeed, by definition,

L.�/ D
Z b

a

s�
d.r � �/
dt

;
d.r � �/
dt

�
dt

and, by straightforward calculations, we obtain�
d.r � �/
dt

;
d.r � �/
dt

�
D .r1 Pu1Cr2 Pu2; r1 Pu1Cr2 Pu2/ D E. Pu1/2C2F Pu1 Pu2CG. Pu2/2:

Theorem 2.1 is proven. �

By Theorem 2.1, the tangent space at each point possesses the inner product defined
by the first fundamental form I.v; w/. For each pair of vectors v and w it determines
the angle 'v;w between them, and for every vector v, its length jvj:

jvj D
p

I.v; v/; cos'v;w D I.v; w/

jvjjwj for v ¤ 0 and w ¤ 0:

The following definition of the area of a part of a surface, as well as the definition
of the length, is quite natural, additive, and coincides with the usual definition for plane
surfaces:

• if V � U , then the area of r.V / � † is equal to“
V

p
EG � F 2 du1 du2:

2.2 Curvature of a curve on a surface

Denote by n.u1; u2/ the normal to a regular surface at a point r.u1; u2/ such that
.r1; r2;n/ is a positively-oriented frame for R3. It can be found explicitly by the
formula

n D Œr1 � r2�

jŒr1 � r2�j :
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Denote by rjk the vector @2r

@uj @uk .
Let

� W Œa; b�! U � R2
r�! R3

be a regular curve with parameter t and let l be the arc length parameter on � . By (1.4),

d2.r � �/
dl2

D k n� ;

where k is the curvature of the curve and n� is the normal to � . Also, from the proof
of Lemma 1.2 we know that dl

dt
D ˇ̌d.r ��/.t/

dt

ˇ̌ DpI. P�; P�/.
Theorem 2.2. The curvature of a curve � on a surface satisfies the equation

k cos � D k.n; n� / D II. P�; P�/
I. P�; P�/ ;

where � is the angle between the normal n� to � and the normal n to the surface and
the form II is defined as

II.v; w/ D �v1 v2
� � �L M

M N

�
�
�
w1

w2

�
;

where
L D .r11;n/; M D .r12;n/; N D .r22;n/:

Proof. By straightforward computations, we obtain

d2.r � �/
dl2

D k n�

D d

dl

�
r1 Pu1 dt

d l
C r2 Pu2 dt

d l

�

D .r11. Pu1/2 C 2r12 Pu1 Pu2 C r22. Pu2/2 C r1 Ru1 C r2 Ru2/
�
dt

d l

�2
C .r1 Pu1 C r2 Pu2/d

2t

d l2

and, since r1 and r2 are orthogonal to n, we derive

k.n; n� / D
�
.r11;n/. Pu1/2 C 2.r12;n/ Pu1 Pu2 C .r22;n/. Pu2/2

��dt
d l

�2
:

We are left with noting that
�
dt
dl

�2 D �
dl
dt

��2 D I. P�; P�/�1. Theorem 2.2 is proven.
�
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The form II.v; w/ is called the second fundamental form of the surface.
Suppose that v is a tangent vector to a surface at a point r.u1; u2/ and n is the normal

vector to the surface at the same point. Consider the two-dimensional plane passing
through the point r.u1; u2/ and spanned by the vectors n and v. The intersection of
this plane and the surface is the curve �u1;u2;v called the normal section corresponding
to the point r.u1; u2/ and the tangent vector v. From Theorem 2.2 we obtain

Corollary 2.1. The curvature of the normal section �u1;u2;v is equal to

k D ˙II.v; v/

I.v; v/
;

where the plus sign is taken if the normals to the surface and to the normal section
coincide, and the minus sign, otherwise.

Problem 2.1. Suppose that a surface is given as the graph of a function:

x1 D u1; x2 D u2; x3 D f .u1; u2/:
Then the first fundamental form is calculated as follows:

E D 1C f 21 ; F D f1f2; G D 1C f 22 ;
the normal to the surface is given by the formula

n D 1q
1C f 21 C f 22

.�f1;�f2; 1/;

and the second fundamental form is calculated as follows:

L D f11q
1C f 21 C f 22

; M D f12q
1C f 21 C f 22

; N D f22q
1C f 21 C f 22

;

where fj1:::jk
denote the derivatives @kf

@uj1 :::@ujk
.

Problem 2.2. Given a function f .x/, construct the surface of revolution .obtained by
revolution of the graph of this function around the Ox-axis/:

r.u; v/ D .u; f .u/ cos v; f .u/ sin v/:

Show that the first fundamental form of this surface is calculated as follows:

E D 1C f 02; F D 0; G D f 2;
the normal to the surface is given by the formula

n D 1p
1C f 02 .f

0; cos v; sin v/;

and the second fundamental form is calculated as follows:

L D � f 00p
1C f 02 ; M D 0; N D fp

1C f 02 :
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2.3 Gaussian curvature

The ratio II.v;v/
I.v;v/

is called the normal curvature of the surface in the direction v.

Lemma 2.2. Suppose that two symmetric bilinear forms I and II are given on the
vector space Rn and the form I is positive definite. Then there is a basis e1; : : : ; en for
Rn in which these forms become

I.v; w/ D v1w1 C � � � C vnwn; II.v; w/ D �1v1w1 C � � � C �nvnwn

(i.e., the form I is given by the identity matrix and the form II is diagonal).

The proof of this lemma, known from a linear algebra course, is simple. Consider
the form I as an inner product on Rn and, using the Gram–Schmidt orthogonalization,
find an orthonormal basis for Rn. Now, consider II as a symmetric bilinear form on Rn

with the inner product I . It is well known that every symmetric form becomes diagonal
in some orthonormal basis. Lemma 2.2 is proven.

Now, denote by Tx† the tangent plane of a surface † at a point x. Suppose that
the fundamental forms I and II are given on Tx†. Apply Lemma 2.2 in this situation
to obtain the following result:

Lemma 2.3. There is a basis e1, e2 forTx† in which both forms I and II are diagonal:

I.v; w/ D v1w1 C v2w2;
II.v; w/ D k1v1w1 C k2v2w2:

The directions of the vectors e1 and e2 are called the principal directions and they are
determined uniquely if k1 ¤ k2. The values k1 and k2 of the normal curvatures along
the principal directions are called the principal curvatures. They are the extremal
values for the normal curvatures at the given point, which is a consequence of the
following (now obvious) assertion.

Theorem 2.3 (Euler’s formula).

II.v; v/

I.v; v/
D k1 cos2 ' C k2 sin2 ';

where ' is the angle between the vectors e1 and v.

The principal curvatures are independent of the choice of the basis for the tangent
space and are invariants of the pair of fundamental forms I and II :

Lemma 2.4. Suppose that the fundamental forms of a surface are determined by
symmetric .2� 2/-matrices I and II . Then the principal curvatures k1 and k2 are the
roots of the equation

P.�/ D det.II � �I/ D 0:
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Proof. Assume that in a basis e1, e2 a quadratic form J is given by a symmetric matrix
denoted by the same letter J ,

J.v;w/ D �v1 v2
� � J � �w1

w2

�
;

and the coordinates Ov in a new basis Oe1, Oe2 are connected with the coordinates in the
former basis by the relation v D A Ov. Then

J.v;w/ D � Ov1 Ov2� � A> � J � A �
�
c yw1
yw2
�
D OJ . Ov; yw/:

Hence, in the latter basis the fundamental form J is given by the matrix A>JA.
We know that, in some basis, the principal curvatures k1 and k2 are the roots of the

equation
det.II � �I/ D 0:

But since
det.A>IIA � �A>IA/ D detA> � detA � det.II � �I/

and detA> D detA ¤ 0, in every other basis the corresponding equation has the same
roots. Lemma 2.4 is proven. �

It follows from Lemma 2.4 that the product and the sum of the principal curvatures
at a point of a surface are geometric invariants:

• the product of the principal curvatures at a point is called the Gaussian curvature
of the surface at this point:

K D k1 k2 D det II

det I
D LN �M
EG � F 2 I

• the half-sum of the principal curvatures at a point is called the mean curvature
of the surface at this point:

H D k1 C k2
2

:

Problem 2.3. Under the conditions of Problem 2.1, the Gaussian curvature has the
form

K D f11f22 � f 212
.1C f 21 C f 22 /2

:

Problem 2.4. For a surface of revolution .see Problem 2.2/ the principal curvatures
have the form

k1 D � f 00

.1C f 02/3=2
; k2 D 1

f
p
1C f 02 I
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the Gaussian curvature is equal to

K D � f 00

f .1C f 02/2
I

and the mean curvature is equal to

H D 1C f 02 � ff 00

2f .1C f 02/3=2
:

Problem 2.5. The Gaussian curvature of a hyperbolic paraboloid z D xy is negative
everywhere and is equal to

K D � 1

.1C x2 C y2/2 :

The Gaussian curvature of the round sphere x2 C y2 C z2 D R2 of radius R is
everywhere positive and is equal to K D R�2.

Problem 2.5 explains the geometric meaning of the sign of the Gaussian curvature:
(a) Let K > 0 at x 2 †. Then a small neighborhood of x lies to one side from the

tangent plane TxM . Indeed, the plane TxM separates the space into two half-spaces
and the normals of all normal sections are directed to the same half-space; the surface
looks like a “cap” near the point x.

(b) Let K < 0 at x 2 †. Then the curvatures of two normal sections are zero
(the tangent directions of these sections are called asymptotic), and the normals of the
sections corresponding to the principal curvatures are directed to different half-spaces
with respect to the plane TxM ; the surface looks like a “saddle” near x.

Figure 2.1. A cap and a saddle.

2.4 Derivational equations and Bonnet’s theorem

An analog of the Frenet formulas for surfaces is the equations which describe the
deformation of the basis r1, r2, n along the surface. The deformation of the vectors r1
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and r2 is described by the Gauss equations which express the vectors rjk D @2r

@uj @uk

in terms of the basis vectors:

r11 D 	111r1 C 	211r2 C b11n;
r12 D 	112r1 C 	212r2 C b12n;
r22 D 	122r1 C 	222r2 C b22n:

(2.1)

The symbols 	 i
jk

are called the Christoffel symbols; moreover, it is easy to note that
bjk are the coefficients of the second fundamental form:

L D b11; M D b12 D b21; N D b22:
Before starting to derive the equations for the deformation of the vector n we make

two agreements.
(1) If some index appears twice in a formula, once as a superscript and once as a

subscript, then summation is assumed over this index:

aj bj ´
X
j

aj bj :

(2) We denote the inverse of the matrix to aij by akl , assuming by definition that

aijajk D ıik D
(
1 if i D k;
0 if i ¤ k:

Since .n;n/ � 1, we have .nj ;n/ D 0, and consequently the vector nj D @n

@uj is
expressed as a linear combination of the vectors r1 and r2. Now, we derive

@.n; rj /

@uk
D .nk; rj /C .n; rjk/ D 0: (2.2)

Introduce the coefficients aj
k

so that

nk D a1kr1 C a2kr2 D ajkrj

and denote by gjk D .rj ; rk/ the coefficients of the first fundamental form:

E D g11; F D g12 D g21; G D g22:
Rewrite (2.2) as

a11g11 C a21g12 D �b11; a11g12 C a21g22 D �b12;

a12g11 C a22g12 D �b21; a12g12 C a22g22 D �b22:
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The resulting equations split into two systems of equations in a11, a21 and a12, a22 which
can be written as the system

ami gjm D �bij :
Since the matrix gjk is invertible and symmetric, it has the symmetric inverse matrix
gjk D gkj . Multiply both sides of this system by gjk and sum the result over the
repeated index j . Eventually, we obtain the solution to the system:

�bijgjk D ami gjmgjk D ami ıkm D aki :
We have thus proven the following theorem:

Theorem 2.4 (The Weingarten equations).

ni D �bij gjk rk :

These equations, together with the Gauss equations, constitute a complete set of
derivational equations. As with the Frenet equations, we can write them in the form

@

@uj

0
@r1

r2
n

1
A D Aj

0
@r1

r2
n

1
A ;

where

A1 D
0
@ 	111 	211 b11

	112 	212 b12
�b1jgj1 �b1jgj2 0

1
A ;

A2 D
0
@ 	121 	221 b21

	122 	222 b22
�b2jgj1 �b2jgj2 0;

1
A

and the Christoffel symbols are symmetric in the subscripts: 	 i
jk
D 	 i

kj
. Unlike the

Frenet equations, in this case nontrivial compatibility conditions arise:

@

@u1
@

@u2

0
@r1

r2
n

1
A D @

@u2
@

@u1

0
@r1

r2
n

1
A ;

which are equivalent to the system of equations

@

@u1
A2 � @

@u2
A1 D A1A2 � A2A1

called the Gauss–Codazzi equations.
Another dependence between the values in (2.1) and the first fundamental form is

expressed by the following formulas and is a consequence of the Gauss equations.
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Theorem 2.5.

	kij D
1

2
glk

�
@gil

@uj
C @gjl

@ui
� @gij
@ul

�
: (2.3)

Proof. By (2.1), we have

@gij

@uk
D @.ri ; rj /

@uk
D 	 lik glj C 	 ljk gli :

Hence,
@gjl

@ui
C @gil

@uj
� @gij
@ul
D 2	mij gml ;

which implies that

glkgml	
m
ij D ıkm 	mij D 	kij D

1

2
glk

�
@gil

@uj
C @gjl

@ui
� @gij
@ul

�
:

Theorem 2.5 is proven. �

Now, we can state analogs of Theorems 1.2 and 1.4 for surfaces.

Theorem 2.6 (Bonnet’s theorem). Suppose that�
g11 g12

g21.D g12/ g22

�
and

�
ccb11 b12

b21.D b12/ b22

�

are smooth fundamental forms in a domain U homeomorphic to the interior of a disk1;
moreover, the first form is positive definite and the coefficients of these forms satisfy
the Gauss–Codazzi equations.

Then there is a unique (up to motion) surface in R3 for which these forms are the
first and the second fundamental forms.

Proof. We will only sketch the proof, indicating the principal difference from the
proofs of Theorems 1.2 and 1.4, namely the necessity of validity of the compatibility
conditions (the Gauss–Codazzi equations).

Take u0 D .u10; u20/ 2 U . Choose vectors a0, b0, and c0 such that

.a0; a0/ D g11.u0/; .a0;b0/ D g12.u0/; .b0;b0/ D g22.u0/;
.a0; c0/ D .b0; c0/ D 0; .c0; c0/ D 1

as the initial data for the Gauss–Weingarten equations:

r1.u0/ D a0; r2.u0/ D b0; n.u0/ D c0:

1As we will see from the proof, the only essential condition is the property that the domain is simply
connected (the definition of a simply connected domain is given in $3.4): to construct the surface by
integration of the form dr D rxdx C rydy, it is required that the integral of a closed 1-form along a
curve depend only on the endpoints of the curve.
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Since the coefficients of the forms satisfy the Gauss–Codazzi equations, the Gauss–
Weingarten equations constructed for these forms are compatible and have a unique
solution a, b, c with the given initial data at u0.

Since @a
@u2 D @b

@u1 and the domain U is homeomorphic to the interior of a disk, the
following equality holds for every closed smooth curve � in the domain U without
self-intersections and every j D 1; 2; 3:Z

�

.ajdu1 C bjdu2/ D 0; (2.4)

where a D .a1; a2; a3/ and b D .b1; b2; b3/. Indeed, the contour � bounds some
domain V 2 U and, by the Stokes formula,Z

�

.ajdu1 C bjdu2/ D
Z
V

�
@bj

@u1
� @a

j

@u2

�
du1 ^ du2:

But the right-hand side of this equality vanishes, since @a
@u2 � @b

@u1 D 0.
Now, it is easy to construct a map r W U ! R3 such that

a D r1; b D r2:

To this end, map the point u0 2 U to the point .0; 0; 0/ 2 R3. Join every point u 2 U
with the point u0 by some smooth curve � in the domain U and define the point r.u/

by the following formula:

r.u/ D
Z
�

.a du1 C b du2/:

It follows from (2.4) that this map is independent of the choice of � .

u

�

u0

r.u/ D R
�
.a du1 C b du2/

.0; 0; 0/

Figure 2.2. The map r .

As in the proof of Theorem 1.4, by simple calculations we prove that the first and
second fundamental forms of this surface coincide with the given forms.

Uniqueness of the surface up to motion of R3 is proven by analogy with the case of
a plane curve as in Theorem 1.2. These arguments are simple and therefore omitted.

Theorem 2.6 is proven. �
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Problem 2.6. Suppose that the first fundamental form is diagonal:

g11 D �.u1; u2/; g12 D 0; g22 D �.u1; u2/:
Then the Christoffel symbols have the form

	111 D
1

2�

@�

@u1
; 	112 D

1

2�

@�

@u2
; 	122 D �

1

2�

@�

@u1
;

	211 D �
1

2�

@�

@u2
; 	212 D

1

2�

@�

@u1
; 	222 D

1

2�

@�

@u2
:

Problem 2.7. Prove that for a surface of revolution (see Problem 2.2) the Christoffel
symbols have the form

	111 D
f 0f 00

1C f 02 ; 	212 D
f 0

f
; 	122 D �

ff 0

1C f 02 ; 	112 D 	211 D 	222 D 0;

where .u1; u2/´ .u; v/.

2.5 The Gauss theorem

Gauss proved that the Gaussian curvature is determined only by the first fundamental
form. This follows from a formula derived by him and which is included in the system
of the Gauss–Codazzi equations.

Theorem 2.7 (The Gauss theorem).

K D b11b22 � b212
g11g22 � g212

D 1

g11g22 � g212
�
.	k12	

l
12 � 	k11	 l22/gkl C

@2g12

@u1@u2
� 1
2

@2g11

@u2@u2
� 1
2

@2g22

@u1@u1

�
:

Proof. It follows from (2.1) that

.r11; r22/ � .r12; r12/ D b11b22 � b212 C 	k11	 l22 gkl � 	k12	 l12 gkl :
But

.r11; r22/ � .r12; r12/ D @2g12

@u1@u2
� 1
2

@2g11

@u2@u2
� 1
2

@2g22

@u1@u1

which is a consequence of the relation

@2gij

@uk@ul
D @2.ri ; rj /

@uk@ul
D .rik; rjl/C .ril ; rjk/C .ri ; rjkl/C .rikl ; rj /:

To complete the proof, we only need to compare the expressions for .r11; r22/ �
.r12; r12/. Theorem 2.7 is proven. �
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Theorems 2.5 and 2.7 yield

Corollary 2.2. The Gaussian curvature is expressed in terms of the coefficients of the
first fundamental form and their first and second derivatives.

Regular surfaces r W U ! R3 and Qr W U ! R3 are isometric if for every regular
curve � W Œa; b�! U the lengths of the curves r.�/ and Qr.�/ coincide. This is equiv-
alent to the fact that the values of the first fundamental forms at all points coincide:

.ri ; rj / D . Qri ; Qrj /:
Now, we can restate Corollary 2.2 as follows:

Corollary 2.3. If two surfaces r W U ! R3 and Qr W U ! R3 are isometric, then their
Gaussian curvatures at the respective points r.u1; u2/ and Qr.u1; u2/ coincide.

Problem 2.8. Prove that the Gaussian curvature of the cone x2 C y2 D z2 at a point
.x; y; z/ ¤ .0; 0; 0/ is zero.

2.6 Covariant derivative and geodesics

Suppose that r W U ! R3 determines a regular surface, � W Œa; b� ! U is a regular
curve on the surface, and v is a smooth vector field along the curve � such that

(1) for each t 2 Œa; b� the vector v.t/ lies in the tangent space of the surface at the
point �.t/;

(2) the vectors v.t/ depend smoothly on t .
Decompose the vector field v.t/ in the bases for the tangent planes:

v.t/ D vi .t/ri .t/:
The derivative of the vector field along the curve has the form

Pv D dvi

dt
ri C vi Pri D dvi

dt
ri C vi Puj rij ;

where P� D � Pu1; Pu2�. Decompose the right-hand side of the last equality into two
summands one of which is tangent to the surface and the other is orthogonal:

Pv D
�
dvi

dt
ri C 	 ijkvj Pukri

�
C vj Pukbjkn:

The covariant derivativer P�v of the vector field v along the curve � is the orthogonal
projection of the derivative of v along the curve to the tangent plane of the surface:

Dv

@t
D
�
dvi

dt
C 	 ijkvj Puk

�
ri :
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Now, suppose that the vector field v is given in a domain on the surface rather than on
a curve only. Then we can consider the covariant derivatives of the field along various
curves and the formula for the covariant derivative of the field v in the direction of a
vector w takes the form

rwv D
�
@vi

@uk
C 	 ijkvj

�
wkri ;

wherew is a tangent vector to the surface. This operation possesses a series of remark-
able properties.

Lemma 2.5. (1) The map .w; v/! rwv is linear in v and w:

r˛1w1C˛2w2
v D ˛1rw1

v C ˛2rw2
v;

rw.˛1v1 C ˛2v2/ D ˛1rwv1 C ˛2rwv2; ˛1; ˛2 2 R:

(2) If f W U ! R is a smooth function, then

rfwv D f rwv; rwf v D @wf v C f rwv;
where @wf is the derivative of f in the direction of w:

@wf D
X
j

@f

@uj
wj I

(3) rrj
ri D 	kij rk .

(4) 	kij D 	kji .
(5) The derivative of the inner product of vector fields is calculated by the formula

@w.v1; v2/ D .rwv1; v2/C .v1;rwv2/:
Proof. Assertions (1)–(3) are immediate from the definition of the covariant derivative.
Assertion (4) follows from the definition of the Christoffel symbols given above and
Theorem 2.5.

Assertion (5) is proven by straight calculations:

Dw..ri ; rj /v
i
1v
j
2 /

D wk @

@uk
..ri ; rj /v

i
1v
j
2 /

D wk..rik; rj /C .ri ; rjk//vi1vj2 C wk.ri ; rj /
�
@vi1
@uk

v
j
2 C vi1

@v
j
2

@uk

�

D wk.	mik.rm; rj /C 	mjk.ri ; rm//vi1vj2 C wk.ri ; rj /
�
@vi1
@uk

v
j
2 C vi1

@v
j
2

@uk

�

D wk
�
@vi1
@uk
C 	 imkvm1

�
.ri ; rj /v

j
2 C wk

�
@v
j
2

@uk
C 	j

mk
vm2

�
.ri ; rj /v

i
1

D .rwv1; v2/C .v1;rwv2/: �
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Taking the projection to the tangent plane in the definition of the covariant derivative
leads to consideration of the intrinsic geometry of the surface; i.e., we forget about the
ambient space and construct the whole geometry from the first fundamental form only.
The Gauss theorem is fundamental in the following sense: the Gaussian curvature
(unlike the second fundamental form) is an object of the intrinsic geometry.

If a bilinear operation on vector fields on a submanifold of the Euclidean space
is such that the assertions (1) and (2) of Lemma 2.5 hold, then we say that an affine
connection is given on the submanifold. The connection is determined by the values	kij .
The connection constructed above satisfies two additional conditions: it is symmetric;
i.e., the assertion (4) of Lemma 2.5 holds and compatible with the metric; i.e., the
assertion (5) of Lemma 2.5 holds. We give the following fact:2

• a symmetric affine connection compatible with the metric is unique and is deter-
mined by the first fundamental form gij according to (2.3).

The notion of covariant derivative leads to the notion of parallel translation: a
vector field v.t/ along a curve � is parallel if the covariant derivative of v along � is
everywhere zero:

Dv

@t
D
�
dvi

dt
C 	 ijkvj Puk

�
ri D 0: (2.5)

Now, by analogy with the Euclidean plane, define an analog of a straight line: a curve
� is called a geodesic if its velocity vector is parallel along the curve:

D P�
@t
D 0:

Lemma 2.6. (1) The geodesics are the curves satisfying the equation

Rui C 	 ijk Puj Puk D 0: (2.6)

(2) If �.t/ is a geodesic and C 2 R, then the curve �C .t/ D �.C t/ is a geodesic,
too.

(3) A smooth curve � on a surface† � R3 is a geodesic if and only if, at each point
of the curve, the normal to the curve is orthogonal to the surface (i.e., is collinear with
the normal of the surface).

The proof of Lemma 2.6 is carried out by elementary calculations. Now we point
out one important consequence of the theorem on existence and uniqueness of a solution
of an ordinary differential equation.

Lemma 2.7. Suppose that x0 is a point on a regular surface †, v0 is a tangent vector
to † at x0, and � is a curve passing through x0: �.0/ D x0. Then

(1) there is a unique parallel vector field v.t/ along � such that v.0/ D v0;
2Its generalization for all dimensions is given by Theorem 4.1.



2.6. Covariant derivative and geodesics 31

(2) for every sufficiently small " > 0, there is a unique geodesic � W Œ�"; "� ! †

such that
�.0/ D x0; P�.0/ D v0:

Proof. (1) Since (2.5) is a first-order ordinary differential equation with smooth co-
efficients, for arbitrary initial data, i.e., for every value of v at zero: v.0/ D v0, this
equation has a unique solution.

(2) Equation (2.6) is a first-order ordinary differential equation on the set of pairs
of the form .x; v/, where x 2M and v 2 Tx†. In a neighborhood of x0 such a pair is
parameterized by points .u1; u2, v1; v2/ 2 R4: x D r.u1; u2/ and v D v1r1 C v2r2.
Equation (2.6) takes the form

Pui D vi ; Pvi D �	 ijk.u1; u2/ vj vk; i D 1; 2:
Now, assertion (2), like assertion (1), follows from the theorem on existence and unique-
ness of a solution to an ordinary differential equation.

Lemma 2.7 is proven. �

The space constituted by the pairs .x; v/, where x 2 † and v 2 Tx†, is called the
tangent bundle and is denoted by T†.

Lemma 2.8. Let † be a two-dimensional submanifold in R3. Then T† is a four-
dimensional submanifold in R6.

Proof. Take .x0; v0/ 2 T†. We can assume that in a neighborhood of x0 the surface†
is given by the equationF.x/ D 0 and

�
@F
@x1 , @F

@x2 , @F
@x3

� ¤ 0. Without loss of generality

we may assume that @F
@x1 ¤ 0 in this neighborhood. Then, in a neighborhood of

.x0; v0/, the tangent space, as a submanifold in R6, is determined by the equations

F.x; v/ D 0; G.x; v/ D
3X

jD1

@F

@xj
vj D 0

(see §1.4, Problem 1.4). Now, the lemma follows from the implicit function theorem,
since the determinant of the matrix�

@F=@x1 @F=@v1

@G=@x1 @G=@v1

�
D
�
@F=@x1 0

� @F=@x1

�

is zero in a neighborhood of .x0; v0/. Lemma 2.8 is proven. �

In view of Lemma 2.7, a flow or a dynamical system is given on T†; i.e., a system
of ordinary differential equations

Px D v.x/;
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where v.x/ is a vector field (it is always supposed to be smooth) on the space which
is called the phase space. This space foliates into the trajectories of this system or the
integral curves of the vector field v.

A first integral of a flow is a function on the phase space which is constant along
the trajectories. Let us indicate an almost obvious first integral of the geodesic flow.

Lemma 2.9. If � is a geodesic then

d

dt
. P�; P�/ D 0:

Proof. It follows from the assertion (5) of Lemma 2.5 that

d

dt
. P�; P�/ D

�
D

@t
P�; P�

�
C
�
P�; D
@t
P�
�
D 2

�
D

@t
P�; P�

�
:

But from the definition of geodesics we obtain D P�
@t
D 0. Lemma 2.9 is proven. �

Problem 2.9. Suppose that a function f .x/ determines a surface of revolution .see
Problems 2.2 and 2.7/. The parallels are intersections of the surface with planes or-
thogonal to the axis of revolution .they are given by the equations u D const/. Denote
by ˛ the angle between the velocity vector of the geodesic and the parallel. Denote
by R.x/ the distance from x 2 † to the axis of revolution. Prove that the function
I D R cos˛ is a first integral of the geodesic flow on the surface of revolution.3

2.7 The Euler–Lagrange equations

Suppose that the surface † is given by a map

r W U ! R3

and
L W T†! R

is a smooth function on the tangent bundle. Denote by u1 and u2 coordinates in the
domain U � R2 and consider them as coordinates on the surface.

Choose two points x; y 2 † and consider the set ƒ D ƒx;y of all parameterized
smooth curves

� W Œa; b�! †

with beginning x and end y:

�.a/ D x; �.b/ D y:
3The function I is called the Clairaut integral.
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The action functional

S W ƒ! R; S.�/ D
Z b

a

L.�.t/; P�.t// dt

is defined on ƒ.
Many problems of mechanics and physics reduce to finding a point in a certain

infinite-dimensional functional space ƒ which minimizes the action functional S cor-
responding to the problem. A more general problem is the problem of description of
extremal points of the functional S . Let us explain what it means in our case.

A smooth variation of a curve � is a one-parameter family of curves �" (�".t/ D
�.t; "/) such that

(1) � W Œa; b� � .�"0; "0/ ! † is a smooth function of both t 2 Œa; b� and " 2
.�"0; "0/;

(2) �.a; "/ D x and �.b; "/ D y for all " 2 .�"0; "0/;
(3) �.t; 0/ D �.t/ for all t 2 Œa; b�.
A variation field W.t/ is a vector field along � of the form

W.t/ D @�.t; "/

@"

ˇ̌̌
"D0:

A variation field is a natural analog of a tangent vector to ƒ at � 2 ƒ.
A curve � 2 ƒ is called an extremal function (extremal) of the functional S if

dS.�"/

d"

ˇ̌̌
"D0 D 0

for every smooth variation�" of the curve� . Obviously, if� minimizes the functionalS ,
then the curve � is an extremal of the functional S . The converse is not true: as in the
case of functions on a finite-dimensional space not each extremum is a minimum.

Theorem 2.8. If a curve � is an extremal of S , then the following equations hold along
this curve:

@L

@ui
D d

dt

@L

@ Pui : (2.7)

Proof. Suppose that � is an extremal, �".t/ D .u1.t; "/; u2.t; "// is its variation, and
W.t/ is the corresponding variation field. Then

dS.�"/

d"

ˇ̌̌
"D0 D

Z b

a

dL.�.t; "/; P�.t; "//
d"

ˇ̌̌
"D0 dt

D
Z b

a

�
@L.�.t/; P�.t//

@ui
@ui .t; 0/

@"
C @L.�.t/; P�.t//

@ Pui
@2ui .t; 0/

@" @t

�
dt:
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Integrate the last expression by parts, using the fact that

W.a/ D @ui .a; 0/

@"
D 0; W.b/ D @ui .b; 0/

@"
D 0: (2.8)

We obtain
dS.�"/

d"

ˇ̌̌
"D0 D

Z b

a

�
@L

@ui
� d

dt

@L

@ Pui
�
W i .t/ dt D 0: (2.9)

Since every smooth vector fieldW.t/ along � , satisfying (2.8), is obviously a variation
field for some smooth variation, equation (2.9) implies equations (2.7). Theorem 2.8
is proven. �

Equations (2.7) are called the Euler–Lagrange equations for the variational problem
with the Lagrangian function L.x; Px/.

An example of the Euler–Lagrange equations is the geodesic equations (2.6).

Theorem 2.9. If L.u; Pu/ D j Puj2 D gij Pui Puj , then the Euler–Lagrange equations for
this Lagrangian are the geodesic equations (2.6).

Proof. Write down the Euler–Lagrange equations:

@L

@ui
D @gjk

@ui
Puj Puk; @L

@ Pui D 2gij Pu
j ;

d

dt

�
@L

@ Pui
�
D 2@gij

@uk
Puj Puk C 2gij Ruj D

�
@gij

@uk
C @gik

@uj

�
Puj Puk C 2gij Ruj :

The Euler–Lagrange equations take the form

gij Ruj C 1

2

�
@gij

@uk
C @gik

@uj
� @gjk
@ui

�
Puj Puk D 0;

or

Rum C 1

2
gmi

�
@gij

@uk
C @gik

@uj
� @gjk
@ui

�
Puj Puk D 0:

Inserting the expression (2.3) for the Christoffel symbols in the last formula, we obtain
the geodesic equation

Rum C 	mjk Puj Puk D 0:
Theorem 2.9 is proven. �

Consider the variational problem for the Lagrangian

L0.u; Pu/ D j Puj D
q
gij Pui Puj :

The corresponding action functional is the length of the curve. The Lagrangian is not
differentiable at the points where Pu D 0. But the value S is independent of the choice
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of parameterization on the curve: it is the same for equivalent curves (see Lemma 1.1:
we restrict our consideration to regular curves, but it is easy to show that this constraint
is unessential in this case). Therefore, if a curve is an extremal of the length functional,
then the equivalent curve with the parameter proportional to the arc length parameter
(j Puj D const) is an extremal of the length functional, too.

Theorem 2.10. The extremals of the length functional coincide with the geodesics up
to equivalence.

Proof. The Euler–Lagrange equations for the length functional take the form

1

2
p
glm Pul Pum

@gjk

@ui
Puj Puk D d

dt

�
1p

glm Pul Pum
gij Puj

�
: (2.10)

The parameter on the geodesic is proportional to the arc length parameter (see
Lemma 2.9). Putting glm Pul Pum D const ¤ 0 in (2.10), we obtain the geodesic equa-
tions (2.6) and conclude that the geodesics are extremals of the length functional.

We can assume that on each extremal of the length functional the parameter is
proportional to the arc length parameter. An extremal with this parameter is described
by equations (2.6) and hence is a geodesic.

Theorem 2.10 is proven. �

We introduce the distance between points of a surface as follows:

d.x; y/ D inf
�2ƒx;y

L.�/:

It follows from Theorem 2.10 that if there is a curve in ƒx;y with length d.x; y/,
then it is a geodesic (up to parametrization). We restrict our consideration to the
following local fact:

Theorem 2.11. Let � be a geodesic passing through a point x0. There is a neighbor-
hood of x0 on � such that, for an arbitrary pair x1 and x2 in this neighborhood, the
shortest curve connecting the points x1 and x2 is a segment of the geodesic � .

Proof. First prove the following technical lemma:

Lemma 2.10. Let x0 be a point on the surface and let � be a geodesic passing
through x0. Then, in a neighborhood of x0, we can choose coordinates u1 and u2

such that the first fundamental form takes the shape

.gij / D
�
1 0

0 G

�

and the equation for � becomes u2 D 0. With these coordinates the curves u2 D const
are geodesics.
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Proof. Choose coordinates y1 and y2 in a neighborhood of x0 so that x0 D .0; 0/ and
the tangent vector to � at x0 is equal to .1; 0/.

Through each point with coordinates .0; s/ draw a geodesic with the initial velocity
vector .1; 0/. Then there is a function ' in a neighborhood of x0 such that these
geodesics are given by the equations y2 D '.y1; s/. Since the initial data for the
geodesics depend smoothly on s, ' is a smooth function. Consider the map .y1; s/!
.y1; y2 D '.y1; s//. Its Jacobian matrix at x0 is equal to�

1 0

� 1

�
and, by the inverse function theorem, it is invertible near the point x0. Consequently,
y1 and s determine local coordinates in a neighborhood of x0 and the curves s D const
are geodesics.

At each point of this neighborhood of x0, take a tangent vectorw.y1; s/ orthogonal
to the curve s D const and such that .w;w/ D 1 and .w; rs/ > 0. A small neighborhood
of the point x0 foliates into the trajectories of the smooth vector field w, i.e., the
solutions to the equation Px D w.x/. Introduce the coordinate t instead of y1, by
putting x D .t; s/ if the point x lies on the trajectory of the flow Px D w.x/ which
intersects the curve s D 0 at .t; 0/. The first fundamental form in the coordinates .t; s/
is equal to Qg11 D �, Qg22 D �, Qg12 D 0.

Each curve s D const is a geodesic and consequently 	211 � 0. Hence, @�=@s D 0
(see Problem 2.6) and the coordinates

u1 D
Z t

0

p
�.
/ d
; u2 D s

are those we seek. Lemma 2.10 is proven. �

We turn to proving Theorem 2.11. In a neighborhood of x0 introduce the coordinate
system .u1; u2/ connected with x0 and � as in Lemma 2.10. We can assume that
x0 D .0; 0/. Choose " > 0 such that the disk B D fjuj � "g lies completely in this
neighborhood. Let C D minx2B G.x/ and D D minf1; C g.

If x1 and x2 lie in the disk B0 D fjuj � �"g, where � D D=.D C 2/, then

(1) ju1.x1/ � u1.x2/j � 2�";
(2) every smooth curve connectingx1 andx2 and leaving the diskB at some moment

has a length greater than 4�";

(3) the length of a smooth curve connecting x1 and x2 and lying completely in B
is equal toZ p

. Pu1/2 CG. Pu2/2 dt 	
Z p

. Pu1/2 	 ju1.x1/ � u1.x2/j: (2.11)

But the equality in (2.11) is attained precisely at the segment �0.
Theorem 2.11 is proven. �
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x1 �0
x2

�

L.�0/ < L.�/

Figure 2.3. The shortest path in the semigeodesic coordinates.

Lemma 2.10 claims that in a neighborhood of every point there are special coordi-
nates convenient for calculations. They are called the semigeodesic coordinates. We
now give a rigorous definition.

Coordinates .u1; u2/ D .x; y/ are called semigeodesic if the first fundamental form
has the shape

gijdu
iduj D dx2 CGdy2:

Problem 2.10. Prove that, in semigeodesic coordinates .x; y/, every curve of the form
y D const is a geodesic.

Example (Spherical coordinates). Define the spherical coordinates r , � , ' in R3 by
the formulas

x1 D r cos' sin �; x2 D r sin ' sin �; x3 D r cos �;

where r 	 0, 0 � � � � , and 0 � ' � 2� . For each fixed value r D const ¤ 0 the
values ' and � are coordinates on the sphere of radius r . The metric tensor is equal to

ds2 D dr2 C r2d�2 C r2 sin2 �d'2:

Therefore, for every value of r , the coordinates .x; y/ D .r�; '/ are semigeodesic
coordinates and the great circles ' D const are geodesics on the sphere of radius r .

Problem 2.11. Prove that the Gaussian curvature of a surface with semigeodesic co-
ordinates .x; y/ is equal to

K D � 1p
G

@2
p
G

@x2
:

Problem 2.12. Prove that if the Gaussian curvature K of a surface is constant and
K ¤ 0, then there exist semigeodesic coordinates .x; y/ in which the first fundamental
form has the shape �

1 0

0 sin2.
p
Kx/

�
for K > 0;�

1 0

0 sinh2.
p�Kx/

�
for K < 0:
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2.8 The Gauss–Bonnet formula

Geodesics represent a natural generalization of straight lines to the case of arbitrary
surfaces (straight lines are geodesics on the plane: in this case 	 i

jk
D 0 in the linear

coordinates and the geodesic equations become linear: Rui D 0, i D 1; 2). The deviation
of an arbitrary curve from a geodesic is described by the analog of the curvature of a
plane curve, namely the geodesic curvature. We now give its definition.

Let � W Œa; b�! U � R2 be a naturally parameterized curve on a surface r W U !
R3. Choose an orientation in the tangent planes to the surface, assuming that the basis
.r1; r2/ is positively oriented. At each point �.l/ of the curve choose an orthonormal,
positively oriented basis . P�; n/ for the tangent space. The geodesic curvature is the
value

kg D .r P� P�; n/;
i.e., the immediate analog of the curvature of a plane curve (see (1.3)). It follows from
Lemma 2.6 that a smooth curve is a geodesic if and only if its geodesic curvature is
everywhere zero.

LetW be a small neighborhood of a point of a surface with semigeodesic coordinates
.x; y/ WD .u1; u2/ and let � D �1[� � �[�n be a piecewise smooth closed contour (i.e.,
a family of successively traversed regular curves: the endpoint of �j coincides with the
starting point of �jC1; moreover, put �nC1 D �1). We suppose that the contour � has
no self-intersections and bounds a domain V � W .

Denote by j̨ the internal (with respect to V ) angle between �j and �jC1 at a
common endpoint and by d� the area form on the surface

d� D
q
g11g22 � g212 dx ^ dy:

Theorem 2.12 (The Gauss–Bonnet formula).Z
�

kgdl D 2� �
nX

jD1
.� � j̨ / �

Z
V

K d�: (2.12)

Proof. In semigeodesic coordinates .x; y/´ .u1; u2/ the first fundamental form has
the shape

dx2 CGdy2;
and the Christoffel symbols are equal to (see Problem 2.6)

	122 D �
1

2
Gx; 	212 D

1

2G
Gx; 	222 D

1

2G
Gy ;

with the other Christoffel symbols equal to zero. The normal to the curve is taken with
respect to the first fundamental form and is calculated explicitly

n D 1p
G
.�G Pyr1 C Pxr2/
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(recall that the dot denotes differentiation with respect to the arc length parameter l :
j P� j D 1). Now, insert these expressions in the formula for the geodesic curvature to
obtain

kg D
p
G
�
� Rx Py C Px Ry C 1

2
Gx Py3 C 1

G
Gx Px2 Py C 1

2G
Gy Px Py2

�
:

Since j P� j2 D Px2 CG Py2 D 1, we have

d

dl
arctan

�p
G Py
Px

�
D pG

�
� Rx Py C Px Ry C 1

2G
Gx Px2 Py C 1

2G
Gy Px Py2

�
;

.
p
G/x Py D . Px2 CG Py2/ Gx Py

2
p
G
D pG

�1
2
Gx Py3 C 1

2G
Gx Px2 Py

�
:

Hence,

kg dl D d arctan

�p
G Py
Px

�
C .pG/x Py dl:

From the Stokes formula we obtainZ
�

.
p
G/x Py dl D

Z
�

.
p
G/x dy D

Z
V

.
p
G/xx dx ^ dy

and, using the formula for the Gaussian curvature in semigeodesic coordinates (see
Problem 2.11), we derive Z

�

.
p
G/x Py dl D �

Z
V

K d�:

˛1

˛2
˛3

P�
'

r1

Figure 2.4. A polygon, the angles j̨ and ' in the Gauss–Bonnet formula.

Now, note that the angle

arctan

�p
G Py
Px

�
is equal to the angle ' between P� and r1 (up to �). If the contour � is smooth, thenZ

�

d' D 2�;



40 Chapter 2. Theory of surfaces

while if the successive parts �j meet at nonzero angles, then it is easy to note that

Z
�

d' D 2� �
nX

jD1
.� � j̨ /:

Theorem 2.12 is proven. �

Show that the Gauss–Bonnet formula is also valid for large domains V homeomor-
phic to a disk. First of all define the notion of simplicial partition.

Let V be either a closed domain (the closure of an open set) on the plane with
piecewise smooth boundary or a compact surface in R3. A simplicial partition4 of the
surface V is its representation in the form of a finite union of triangles

V D
[
j

ıj

such that
(1) the interior of each triangle ıj is a domain in V and the closure of this domain

is homeomorphic to a triangle;
(2) three vertices are selected on the boundary of each triangle and the parts of the

boundary between them are called edges;
(3) two different triangles can intersect only along one common side or at one

common vertex, and two different sides can intersect only at one common vertex.

Figure 2.5. A simplicial partition.

If the boundaries of the triangles are piecewise smooth contours, then the partition
is called piecewise smooth.

Let 
 be a simplicial partition of a closed domain V . Denote by a0 the number of
vertices, by a1 the number of edges, and by a2 the number of faces (triangles). The
quantity

�.
/ D a0 � a1 C a2
is called the Euler characteristic of the partition.

4For an exposition of the topological theory of simplicial complexes of an arbitrary dimension see [2],
III, and [6].
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Theorem 2.13. If a closed domain V is homeomorphic to a disk on the plane, then the
Euler characteristic of every simplicial partition of V equals 1.

Proof. We proceed by induction on a2. For a2 D 1 the assertion is obvious. Assume
that it is valid for a2 � k.

Take an arbitrary partition 
 of the closed domain V with a2 D k C 1. Choose a
triangle ıj whose side �� lies on the boundary. Delete the side �� and the interior of ıj
from V , thereby obtaining a new closed domain V 0 with the partition 
 n ıj . One of
the following two situations is possible:

(1) the closed domain V 0 is homeomorphic to a disk;
(2) the closed domain V 0 is homeomorphic to the union of two closed domains V1

and V2 with partitions 
1 and 
2 and these domains intersect at a common vertex.

.1/

.2/

Figure 2.6. “Two different situations”.

In the first case we obviously have �.
/ D �.
0/ D 1. In the second case
�.
/ D �.
0/ D �.
1/C �.
2/ � 1 D 1.

Theorem 2.13 is proven. �

We now prove the Gauss–Bonnet formula for large domains.

Theorem 2.14. If V is a closed domain on a surface which is homeomorphic to a disk
and has a piecewise smooth boundary, then the Gauss–Bonnet formula (2.12) is valid
for it.

Proof. Choose a piecewise smooth simplicial partition of the domain V into small
triangles ık each of which lies in a domain with semigeodesic coordinates. Denote by
c0 the number of vertices lying on the boundary @V of the domain V and by c1 the
number of sides lying on the boundary @V . Since the boundary @V is homeomorphic
to a circle, c0 D c1.

Write down (2.12) for each triangle ık and sum them. Since the integrals of the
geodesic curvature kg along the interior edges are taken twice with different signs, the
sum of the left-hand sides is equal to

R
�
kg dl , where � D @V is the boundary of V .

On the right-hand side we obtain

2�a2 � 3�a2 C 2�.a0 � c0/C
X
j

j̨ �
Z
V

K d�;
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where j̨ are the angles between the smooth parts of the boundary V . It is obvious that
3a2 D 2a1 � c1 and we find thatZ

�

kg dl D 2�a2 � 2�a1 C �c1 C 2�.a0 � c0/C
X
j

j̨ �
Z
V

K d�:

Since c0 D c1, from Theorem 2.13 we obtainZ
�

kg dl D 2�.a2 � a1 C a0/ �
X
j

.� � j̨ / �
Z
V

K d�

D 2� �
X
j

.� � j̨ / �
Z
V

K d�:

Theorem 2.14 is proven. �

The Gauss–Bonnet formula has a series of beautiful consequences.
First, we can apply it to closed surfaces in R3, i.e., to compact surfaces without

boundary. A surface is called orientable if we can choose an orientation in the tangent
space at each point so that it changes continuously as the point moves over the surface.
The simplest examples of such surfaces are a torus and a sphere. Now, delete g disks
from a sphere to obtain a sphere with g holes. Take g tori with the interior of a disk
deleted and glue each of these tori to the sphere with holes, identifying the boundaries
of the contours. We obtain a sphere with g handles. It is well known that

• each closed orientable surface has the structure of a sphere with handles.5

Figure 2.7. A construction of a sphere with handles.

Once an orientation on the surface is chosen, the surface is called oriented and we
can take surface integrals over it, in particular, the integrals of K d� .

5This means that it is homeomorphic to a sphere with handles (a strict definition of a homeomorphism is
given below in §6). A proof of this fact can be found, for example, in [6], [4].
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Theorem 2.15. Let † be a closed oriented surface in R3. Then the following equality
holds for every simplicial partition 
 of †:Z

†

K d� D 2��.
/:

Proof. Every simplicial partition can be slightly deformed so that it becomes piecewise
smooth (this follows from the Weierstrass theorem on approximation of a continuous
function by polynomials). Moreover, the numbers of vertices, sides, and (faces) trian-
gles remain the same.

Suppose that 
 is a piecewise smooth simplicial partition and apply the Gauss–
Bonnet formula (Theorem 2.14) to each triangle in 
. Sum these formulas. Since the
integrals of kg along the sides are taken twice with different signs, the left-hand side
is zero. The right-hand side is equal to

2�a2 � 3�a2 C 2�a0 �
Z
†

K d�;

but 3a2 D 2a1, since all edges are interior. Eventually, we conclude that

2��.
/ D
Z
†

K d�:

Theorem 2.15 is proven. �

Corollary2.4. Fora closedorientable surface† theEuler characteristic of a simplicial
partition is independent of the partition and is determined only by the surface. It is
called the Euler characteristic �.†/ of the surface †.

Problem 2.13. Prove that the Euler characteristic of a sphere with g handles is equal
to 2 � 2g and, in particular, the Euler characteristics of a sphere and a torus are equal
to 2 and 0, respectively.

Another remarkable application of the Gauss–Bonnet formula is the formula for
the sum of the angles of a triangle. A domain which is homeomorphic to the interior of
a triangle and is bounded by three segments of geodesics is called a geodesic triangle.

Theorem 2.16. The sum of the angles ˛1, ˛2, and ˛3 of a geodesic triangle 4 on a
surface is equal to

˛1 C ˛2 C ˛3 D � C
Z

4
K d�:

The proof of the theorem is immediate from the Gauss–Bonnet formula, since the
geodesic curvature of the sides of a geodesic triangle is everywhere zero. It follows
from the theorem that if the Gaussian curvature K is positive (negative) then the sums
of the angles of triangles are greater (less) than � .
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˛1

˛2

˛3

˛1 C ˛2 C ˛3 > �

Figure 2.8. A geodesic triangle and the sum of its angles (on a sphere).

2.9 Minimal surfaces

Minimal surfaces generalize geodesics to two dimensions.
On an oriented surface we can define the area form

d� D
q

det.gij / du
1 ^ du2 D

q
g11g22 � g212 du1 ^ du2;

where the frame e1, e2 corresponding to the coordinates u1 and u2 in each tangent
space is positively oriented.

We say that a one-parameter family of surfaces †" is a smooth deformation of a
surface † if

(1) †0 D †;
(2) the surfaces†" are given by functions which depend smoothly on the deforma-

tion parameter ".
We say that a closed domain V � † is the support of the deformation if the part of

the surface lying outside V does not deform.

V

Figure 2.9. A deformation of a surface and its support.

If the support V of the deformation is compact, then the area S."/ of the deformed
part V" is finite and is a smooth function of the parameter ". A surface is minimal if

d

d"
S."/

ˇ̌̌
"D0 D 0
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for every deformation with compact support V .
This notion has a rather clear origin: if � is a closed contour in R3 and there is a

surface † bounded by � which has the least area among all surfaces bounded by the
contour � , then this surface † is minimal.6

In the case of geodesics we consider one-dimensional objects, i.e., curves, which
minimize the one-dimensional volume, the length, among all curves bounded by a pair
of points. As in the case of geodesics, a minimal surface bounded by a contour � may
fail to provide a minimum of the area functional: it only satisfies the Euler–Lagrange
equations for this functional. We now derive them.

Theorem 2.17. A regular surface † given by a map r W U ! R3 is minimal if and
only if its mean curvature is everywhere zero:

H D 0:

Proof. LetV be a closed subdomain inU and let� be the boundary ofV . A deformation
of the surface concentrated on V has the form

r".u1; u2/ D r.u1; u2/C "'nCO."2/;
where the function ' is zero outside V . The area of the deformed part of the surface
r".V / is equal to

S."/ D
Z
V

q
.r"1; r

"
1/.r

"
2; r

"
2/ � .r"1; r"2/.r"1; r"2/ du1du2:

Since
r"k D rk C "'nk C "'knCO."2/

and .r1;n/ D .r2;n/ D 0, we derive

.r"i ; r
"
j / D .ri ; rj /C "'..ri ;nj /C .rj ;ni //CO."2/:

It follows from (2.2) that .ri ;nj / D �bij and hence

S."/ D
Z
V

s
1 � 2"' b11g22 C b22g11 � b12g21 � b21g12

g11g22 � g212
CO."2/ d�

D S.0/ � "
Z
V

b11g22 C b22g11 � b12g21 � b21g12
g11g22 � g212

' d� CO."2/:

6Plateau’s famous problem was to prove existence of a minimal surface with an arbitrary piecewise
smooth boundary in R3; its study had a great influence on the development of the theory of partial differential
equations. Its final solution was obtained by Douglas and Rado in the 1930s by means of variational methods:
a minimal surface was obtained as an extremal of another functional, the Dirichlet functional.
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It is easy to see that the sum of the roots k1 and k2 of the equation P.�/ D det.bij �
�gij / D 0 is equal to

k1 C k2 D b11g22 C b22g11 � b12g21 � b21g12
g11g22 � g212

:

By Lemma 2.4, this is exactly the doubled mean curvature of the surface: 2H D
k1 C k2.

Eventually, we obtain

d

d"
S."/

ˇ̌̌
"D0 D �2

Z
V

H' d�:

This value vanishes for all deformations supported in V , i.e., for arbitrary smooth
functions ' equal to zero outside the closed domain V , if and only if H D 0 at each
interior point of V .

Theorem 2.17 is proven. �

Problem 2.14. Prove that
(1) the surfaces of revolution (see Problem 6) obtained by revolution of the graphs

of the functions f .x/ D a cosh.x=a C b/, where a ¤ 0, are minimal surfaces (they
are called catenoids);

(2) if a surface of revolution is minimal, then it is either a catenoid or a plane
obtained by revolution of a straight line orthogonal to the axis of revolution.
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Riemannian geometry





3

Smooth manifolds

3.1 Topological spaces

A topological space is a set X of points with a collection of so-called open subsets.
This collection satisfies the following conditions:

(1) the union of arbitrarily many open sets is open;
(2) the intersection of finitely many open sets is open;
(3) the whole set X and its empty subset are open.

The complement to an open set is called a closed set.
The family of open sets is called the base (of topology) if every open set is rep-

resentable as the union of sets of this family. Sometimes, it is simpler to define a
topology (the structure of a topological space) on a set X by taking only the additive
generators, i.e., the topology base, rather than prescribing all open sets. For example,
we can define the topology on metric spaces.

A metric on a set X is a function

� W X �X ! R

such that the following conditions are satisfied:

(1) �.x; y/ D �.y; x/;
(2) �.x; x/ D 0 and �.x; y/ > 0 for x ¤ y;
(3) �.x; z/ � �.x; y/C �.y; z/ (the triangle inequality).

A metric space is a setX with a metric� and the topology defined by the base constituted
by all open balls Bx;" D fy 2 X j �.x; y/ < "g, where x 2 X and " > 0.

Another way to introduce the topology is to induce it. Namely, each subset Y � X
of a topological spaceX is endowed with the subspace (or induced ) topology in which
a set V � Y is open if and only if it is representable as the intersection V D U \ Y ,
where U is an open set in X . Later, unless the contrary is specified, by the topology
on subsets of topological spaces we always mean the induced topology.

Once a topology is given, we can define the proximity relation between points:

• a neighborhood of a point x 2 X is an open set U containing x: x 2 U ;

and continuity of maps from X to Y :

• a map f W X ! Y of topological spaces is continuous at a point x 2 X if for
every neighborhood V of the point f .x/ there is a neighborhood U of x such
that f .U / � V ;
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• a map f W X ! Y of topological spaces is continuous if one of the following
equivalent conditions holds:

(a) the map f is continuous at each point of X ;
(b) for every open set V � Y its inverse image f �1.V / � X is open.

Problem 3.1. Prove equivalence of conditions (a) and (b) in the definition of a contin-
uous map.

A continuous map f W X ! R is called a continuous function.
For maps of metric spaces, the notion of continuity generalizes the notion of a

continuous function on an interval.

Problem 3.2. A map f W X ! Y of metric spaces X and Y is continuous at a point
x 2 X if and only if, for every " > 0, there is ı > 0 such that if �X .x; x0/ < ı, then
�Y .f .x/; f .x

0// < ".

Let

�.x; y/ D
vuut nX
iD1
.xi � yi /2

be the distance between points x D .x1; : : : ; xn/ and y D .y1; : : : ; yn/ in the Eu-
clidean space Rn. Then the metric topology on Rn is the usual topology known from
a calculus course.

We introduce some classes of topological spaces:

• a space X is a Hausdorff space if, for every pair of different points x; y 2 X ,
there are disjoint neighborhoods U and V of x and y: x 2 U , y 2 V and
U \ V D ;;

• a space X is connected if it cannot be represented as the union of two nonempty
subsets each of which is open and closed simultaneously;

• a space X is path-connected if every pair of different points x; y 2 X can be
joined by a continuous curve; i.e., there is a continuous map f W Œ0; 1�! X such
that f .0/ D x and f .1/ D y.

Let X be a topological space and let fU˛g˛2A be a family of its subsets indexed by
elements of a set A such that the union of U˛ coincides with X :

X D
[
˛2A

U˛:

In this case the family fU˛g is called a covering of X . If fUˇ gˇ2B is a subfamily
(i.e., B � A) which is a covering of X , then it is called a subcovering of the covering
fU˛g˛2A. If all sets U˛ are open, then the covering is called open. The following
notion is very important in topology and analysis:
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• a space X is compact if from every open covering of X we can extract a finite
subcovering.

Examples of compact spaces are intervals Œa; b� � R, �1 < a; b < 1 (the
Heine–Borel lemma).

Problem 3.3. A subset X of the Euclidean space Rn is compact if and only if it is
closed in Rn and bounded .is contained completely in a finite cube fjxj � N g for some
N <1/.
Problem 3.4. If f W X ! Y is a continuous map and X is compact, then its image
f .X/ is compact.

From the assertions of Problems 3.3 and 3.4 we obtain the following property:

Problem 3.5. If f W X ! R is a continuous function and X is a compact space, then
f attains its maximum and minimum values: there exist points xmin; xmax 2 X such
that f .xmin/ � f .x/ � f .xmax/ for all x 2 X .

The above-listed properties (the Hausdorff property, connectedness, path connect-
edness, compactness) are topological invariants; i.e., they remain the same for spaces
which cannot be distinguished as topological spaces without any additional structure.
Formally, this notion of identity can be worded as follows.

• The spacesX andY arehomeomorphic if there exist continuous mapsf W X ! Y

and g W Y ! X which are inverse to each other: gf W X ! X and fg W Y ! Y

are the identity maps of X and Y . Such maps f and g are called homeomor-
phisms.

• A property is topologically invariant if the fact that it holds for a spaceX implies
that it also holds for every space Y which is homeomorphic to X .

3.2 Smooth manifolds and maps

A topological n-dimensional manifold is a Hausdorff space M such that each point
of M has a neighborhood homeomorphic to a domain in Rn.

An open covering fU˛g of a manifold M such that, for each element U˛ , there is a
homeomorphism '˛ between U˛ and a domain W˛ in Rn:

'˛ W W˛ ! U˛;

is called an atlas. Each homeomorphism'˛ determines local coordinates in the domain
U˛ called the chart. Namely, if x D .x1; : : : ; xn/ 2 Rn then the local coordinates
x1˛; : : : ; x

n
˛ of a point '˛.x/ are x1; : : : ; xn. In the intersection of coordinate domains

U˛ and Uˇ the local coordinates are connected by the transition maps:

xi˛ D f i˛ˇ .x1ˇ ; : : : ; xnˇ /;
where f˛ˇ D '˛'�1

ˇ
.
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U˛
Uˇ

Figure 3.1. Overlapping charts.

We say that a topological manifold is endowed with a smooth structure of class
C k if it has an atlas in which all transition maps are k times continuously differen-
tiable. A manifold with such covering is called C k smooth1 (or differentiable), and
the corresponding local coordinates are called smooth. Henceforth for simplicity by
smoothness we mean C1 smoothness.

The maps f˛ˇ are invertible, since their composition f˛ˇfˇ˛ is the identity map.
Consequently, their Jacobian determinants are nonzero everywhere:

det

 
@f i
˛ˇ

@x
j

ˇ

!
D det

 
@xi˛

@x
j

ˇ

!
¤ 0:

Example. Recall that the sphere of dimension n is the smooth submanifold in RnC1
given by the equation

.x1/2 C � � � C .xnC1/2 D 1:
Construct its atlas with two charts. Let PN be the “north” pole; i.e., the point with
coordinates .0; : : : ; 0; 1/, and let PS be the “south pole” .0; : : : ; 0;�1/. On the com-
plement to each pole define the projection from the given pole to the plane xnC1 D 0:
we join the pole and the point on the sphere by a straight line. The projection of the
given point is the intersection of this straight line with the plane xnC1 D 0. These
projections are the sought maps 'N and 'S:

'N W UN D S2 n PN; 'N.x
1; : : : ; xnC1/ D

�
x1

1�xnC1 ; : : : ;
xn

1�xnC1

�
(the projection from the north pole),

'S W US D S2 n PS; 'S.x
1; : : : ; xnC1/ D

�
x1

1CxnC1 ; : : : ;
xn

1CxnC1

�
(the projection from the south pole). The charts UN and US overlap over the domain
S2 n fPN; PSg and the formulas for the transition map from UN to US has the form

fSN.x
1; : : : ; xn/ D

�
x1

jxj2 ; : : : ;
xn

jxj2
�
; jxj2 D .x1/2 C � � � C .xn/2

(we leave the derivation of this formula as an exercise).
1It is known that even in dimension n D 4 there are compact topological manifolds which admit no

smooth structure.
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By the chain rule, if a function f given on the intersection U˛ \Uˇ is of class C k

in the variable xi˛ , then it has the same smoothness in the variables xj
ˇ

. This allows us
to define the notion of a smooth or differentiable map:

• a map f W M ! N between smooth manifolds is C k smooth if, for smooth
local coordinates fxig on M and fyj g on N , it is given by a C k smooth vector
function .y1; : : : ; ym/ D f .x1; : : : ; xn/.

Smooth mapsf W M !R are called smooth functions, and smooth maps� W Œa; b�!
M are called smooth curves.

Note that the definition of smoothness of a map f W M ! N is based on smooth
structures on both M and N . If some topological manifold X carries two smooth
structures, then we obtain two smooth manifolds M1 and M2. The smooth structures
are assumed to coincide if the identity maps M1 !M2 and M2 !M1 are smooth.

ManifoldsM andN are diffeomorphic if there exist smooth maps f W M ! N and
g W N !M which are mutually inverse; i.e., fg W N ! N and gf W M !M are the
identity maps. Such smooth homeomorphisms f and g are called diffeomorphisms.2

Let �.t/ be a smooth curve inM . In local coordinates fxi˛g the curve �.t/ is written
in the form

t ! .x1˛.t/; : : : ; x
n
˛.t//

and its velocity vector at a point �.t/ is equal to

P�.t/ D . Px1˛.t/; : : : ; Pxn˛.t//:
In different local coordinates fxi

ˇ
g the curve �.t/ and its velocity vector P�.t/ have the

form
t ! .x1ˇ .t/; : : : ; x

n
ˇ .t//; P�.t/ D . Px1ˇ .t/; : : : ; Pxnˇ .t//:

Hence we derive the following formula which connects the velocity vectors in different
local coordinates:

P�.t/ D . Px1ˇ .t/; : : : ; Pxnˇ .t// D
�
@x1

ˇ

@x
j
˛

Pxj˛ .t/; : : : ; @x
n
ˇ

@x
j
˛

Pxj˛ .t/
�
;

which implies

Pxiˇ D
@xi
ˇ

@x
j
˛

Pxj˛ :
2It is known that there are infinitely many pairwise nondiffeomorphic smooth manifolds homeomorphic

to R4 (for n ¤ 4 such manifolds are unique up to diffeomorphism), while on the topological space S7

homeomorphic to the unit seven-dimensional sphere in R8 (S7 D fv 2 R8 j jvj D 1g) there are exactly
twenty-eight different (up to diffeomorphism) smooth structures. All these structures on S7 are realized by
the submanifolds of R10 (see Lemma 3.1) given by the equations

z6k�1
1 C z3

2 C z2
3 C z2

4 C z2
5 D 0;

jz1j2 C jz2j2 C jz3j2 C jz4j2 C jz5j2 D 1;

for k D 1; : : : ; 28 (here z1; : : : ; z5 are the complex-valued coordinates in C5 � R10); see, e.g., [3].
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The velocity vectors of curves in M are tangent vectors to M and the vector P�.t/
is attached to the point �.t/. We arrive at the following definition:

• a tangent vector to ann-dimensional manifoldM at a pointx is an object which is
given in local coordinates fxi˛g by an ordered collection of numbers .v1˛; : : : ; v

n
˛/

and its expression .w1
ˇ
; : : : ; wn

ˇ
/ in other local coordinates fxj

ˇ
g satisfies the

equation

w
j

ˇ
D @x

j

ˇ

@xi˛
vi˛: (3.1)

The tangent vectors at a point x constitute an n-dimensional vector space which is
called the tangent space TxM at x. Each coordinate system determines the basis for
the tangent space denoted by

@1 D @

@x1
; : : : ; @n D @

@xn
: (3.2)

The velocity vector Px is decomposed in this basis by the formula

Px D Px1@1 C � � � C Pxn@n:
A manifold is orientable if there exist coordinate domains U˛ covering the whole

manifold and such that on the intersection U˛ \ Uˇ of every pair of domains the
following inequality holds:

det

 
@xi˛

@x
j

ˇ

!
> 0:

Suppose that a manifold is connected and orientable. Then, assuming that the basis @

@x1
˛

,

: : : , @
@xn

˛
is positively or negatively oriented, we define the orientation in all tangent

spaces, assuming that the bases @

@x1
ˇ

; : : : ; @
@xn

ˇ

are positively or negatively oriented, too.

Once some orientation is chosen, the manifold is called oriented.
A smooth map f W M ! N induces the linear map

f� W TxM ! Tf .x/N

of the tangent spaces under which the velocity vector of the curve �.t/ goes into the
velocity vector of the curve f .�.t//. Choose local coordinates fxig in a neighborhood
of x and local coordinates fyj g in a neighborhood of f .x/. Then the map f takes the
form

yj D f j .x1; : : : ; xn/
and we obtain

Pf j .�.t// D @f j

@xi
Pxi .t/:
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It means that in the given coordinates the map f� has the form

vi ! wj D @f j

@xi
vi :

Hence, in particular, we see that it is linear.
A subspace N is a k-dimensional submanifold in M if each point x 2 N has a

neighborhood U with local coordinates x1; : : : ; xn such that the intersection U \ N
is determined by the equations x1 D � � � D xn�k D 0. Moreover, considering y1 D
xn�kC1; : : : ; yk D xn as local coordinates on N , we define the structure of a smooth
manifold on N .

We introduce the following important notion:

• a smooth map F W M ! N is regular at x 2 M if the rank of the Jacobian
matrix of F at x written in some (hence arbitrary) local coordinates yj D
F j .x1; : : : ; xn/; j D 1; : : : ; k, is equal to the dimension of N :

rank

�
@F j

@xi

�
D dimN:

If this condition is satisfied, then x is called a regular point of the map F .

Examples of submanifolds are regular zero sets of smooth maps.

Lemma 3.1. Suppose that F W M ! Rn�k is a smooth map on an n-dimensional
manifold M and its zero set M0 D F �1.0/ consists of regular points. Then M0 is a
smooth submanifold inM .

Proof. Take x 2M0. In a neighborhood of x we have

rank

�
@F j

@xi

�
D n � k;

where fxig are the coordinates on M . Without loss of generality we may assume
that the minor of the matrix corresponding to the coordinates x1; : : : ; xn�k at x is
nonzero. By the implicit function theorem, in a small neighborhood U � M of x we
can define functions  1; : : : ;  n�k such that the equality F.x/ D 0 holds if and only
if x1 D  1.xn�kC1; : : : ; xn/, : : : , xn�k D  n�k.xn�kC1; : : : ; xn/. Now, let

Ox1 D x1 �  1.xn�kC1; : : : ; xn/; : : : ; Oxn�k D xn�k �  1.xn�kC1; : : : ; xn/;
Oxn�kC1 D xn�kC1; : : : ; Oxn D xn

be local coordinates in a neighborhood V of x. With these coordinates, the set V \M0

is determined by the equations Ox1 D � � � D Oxn�k D 0. Lemma 3.1 is proven. �

This lemma yields a great source of examples of smooth manifolds which can be
constructed as submanifolds of other, already known, manifolds. For M D Rn we
obtain smooth submanifolds of the Euclidean space (see §1.4).
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Example (Spheres). The zero set of the smooth map

f .x1; : : : ; xnC1/ D .x1/2 C � � � C .xnC1/2 � 1
of the Euclidean space RnC1 to R represents a smooth hypersurface, namely the n-
dimensional sphere Sn. Every smooth manifold diffeomorphic to this sphere is called
an n-dimensional sphere, too.

Let f W N !M be a smooth map such that

(1) f is a homeomorphism between N and f .N / �M ;
(2) at each point x 2 N the map f� is an embedding of tangent spaces.

Such a map f is called an embedding of N into M . If only condition (2) is satisfied,
then the map f is called an immersion.

Lemma 3.2. If f W N ! M is an embedding, then f .N / is a submanifold inM and
f W N ! f .N / is a diffeomorphism.

Proof. In local coordinates fyj g onN and fxj g onM the embedding f takes the form
xj D xj .y1; : : : ; yn/ and, since the point x is regular for f ,

rank

�
@xj

@yi

�
D k:

Without loss of generality we may assume that

det

�
@xj

@yi

�
1�i;j�k

¤ 0

in a neighborhood of x. By the inverse function theorem, in a small neighborhood U
of f .x/we can define smooth functions '1; : : : ; 'n such that yj D 'j .x1; : : : ; xk/ for
1 � j � k if and only if xj D xj .y1; : : : ; yk/. Now, take

F W U ! Rn�k

in the form

F j .x1; : : : ; xn/ D xkCj � xkCj .'1.x1; : : : ; xk/; : : : ; 'k.x1; : : : ; xk//:

By construction, the zero set of the map F coincides with f .N /\U and F is regular
on the latter set. Applying Lemma 3.1, we complete the proof of Lemma 3.2. �

Suppose that f W M ! R is a smooth function on a manifold M and its zero set
M0 consists of regular points. Then M0 is a submanifold which divides M into two
parts, where f < 0 and f > 0. In this case the closed domain N selected by the
inequality f .x/ 	 0 is called a manifold with boundary @N D M0. Removing from
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f > 0

f D 0

Figure 3.2. Boundary of a manifold.

the manifoldN with boundary its boundary @N , we obtain a submanifoldN n@N �M
whose dimension coincides with that of M and is called the dimension of a manifold
with boundary. If a manifold with boundary is n-dimensional, then its boundary is an
.n � 1/-dimensional manifold without boundary.

A map f W N1 ! N2 between manifolds N1 � M1 and N2 � M2 with boundary
determined in M1 and M2 by inequalities is called smooth if there is an open domain
U �M1 such that N1 � U and f extends to a smooth map g W U !M2.

By analogy with the case of manifolds without boundary, we define a diffeomor-
phism of manifolds with boundary. Note that if N is an n-dimensional manifold with
boundary, then each point of its boundary has a neighborhood diffeomorphic to the
intersection of the n-dimensional ball fjxj < 1g � Rn and the half-space xn 	 0.

If a manifold has no boundary and is compact, then it is called closed.
Define a smooth structure on the direct product of smooth manifolds. Let fU˛g be

a covering ofM by domains with coordinates fxi˛g and let fVˇ g be a covering ofN by
domains with coordinates fyj

ˇ
g. Then fU˛ � Vˇ g is a covering of M �N by domains

with smooth coordinates fx1˛; : : : , xk˛ , y1
ˇ
; : : : ; yl

ˇ
g (here k D dimM and l D dimN ).

Henceforth by a smooth manifold M �N we mean the manifold described above.

Examples. (1) Tori. The direct product of n copies of the circle S1 is called the
n-dimensional torus:

T n D S1 � � � � � S1„ ƒ‚ …
n

:

A two-dimensional torus is obtained if we take the square f0 � x; y � 1g on the plane
and glue the opposite sides by the rule:

.0; y/ 
 .1; y/; .x; 0/ 
 .x; 1/:
The values x and y are coordinates on the so-obtained torus defined modulo 1.

(2) The Klein bottle. Take the square f0 � x; y � 1g on the plane and glue the
opposite sides by the rule

.0; y/ 
 .1; y/; .x; 0/ 
 .1 � x; 1/:
We assume that in a sufficiently small neighborhood of every point of the so-obtained
space M 2 the values x and y determine smooth local coordinates. The so-obtained
closed manifold is called the Klein bottle.
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Problem 3.6. Prove that the Klein bottle is not orientable, since under a continuous
change of the orientation in the tangent spaces along the loop r.t/ D .1=2; t/, where
t D Œ0; 1�, the orientation changes.

Problem 3.7. Prove that the inequality 1
4
� x � 3

4
distinguishes a submanifold in the

Klein bottle which is not orientable and whose boundary consists of one component
homeomorphic to the circle.3

Problem 3.8. Let R1 and R2 be two straight lines with respective coordinates x and y.
LetX be the set obtained from these straight lines by identification of the points x 2 R1
and y 2 R2 for x D y and x ¤ 0. The straight line Rj is naturally embedded into X :
pj W Rj ! X . Introduce the topology on X , by assuming that U � X is open if and
only if its inverse images p�1

1 .U / � R1 and p�1
2 .U / � R2 are open. Show that X

possesses all properties of a smooth manifold, except the Hausdorff property.

3.3 Tensors

Smooth manifolds have the structure of Euclidean space near each point, and functions
on manifolds are smooth if they are smooth functions of local coordinates.

The expressions v˛ andwˇ of the same tangent vector in different local coordinates
fx˛g and fxˇ g are connected by (3.1):

w
j

ˇ
D @x

j

ˇ

@xi˛
vi˛:

Let f W M ! R be a smooth function on M . In the coordinates fxi˛g its gradient
grad f has the form

v˛ D
�
@f

@x1
˛

; : : : ; @f
@xn

˛

�
;

and in the coordinates fxi
ˇ
g, the form

wˇ D
�
@f

@x1
ˇ

; : : : ; @f
@xn

ˇ

�
D
�
@f

@xi
˛

@xi
˛

@x1
ˇ

; : : : ; @f
@xi

˛

@xi
˛

@xn
ˇ

�
:

The formula which connects the expressions of the gradient in different local coordi-
nates differs from the formula (3.1) for vectors.

A covector at a point x is an object given in local coordinates fxi˛g by an ordered

collection of numbers .v˛1 ; : : : ; v
n
˛/ and the corresponding collection .wˇ1 ; : : : :w

n
ˇ
/ for

another coordinate system fxj
ˇ
g satisfies the equation

w
ˇ
j D

@xi˛

@x
j

ˇ

v˛i : (3.3)

3This manifold with boundary is called the Möbius strip.
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To stress the difference between vectors and covectors we use in notation super-
scripts (upper indices) for vectors and subscripts (lower indices) for covectors.

Now we can make the following conclusion:

Lemma 3.3. The gradient of a function is a covector.

The derivative of a function in the direction of a tangent vector v is equal toDvf D
.grad f /ivi , is independent of the local coordinates, and is a linear function on the
tangent space. The last assertion is valid for all covectors.

Lemma 3.4. A covector w at x 2 M is a linear function on the tangent space TxM
which is written in local coordinates by the formula hw; vi D wivi .
Proof. It suffices to show that the value hw; vi is independent of the choice of local
coordinates. It follows from (3.1) and (3.3) that

w
ˇ
i v

i
ˇ D

@x
j
˛

@xi
ˇ

w˛j

@xi
ˇ

@xk˛
vk˛ ;

and, since
@x
j
˛

@xi
ˇ

@xi
ˇ

@xk˛
D @x

j
˛

@xk˛
D ıj

k
;

we obtain
hw; vi D wˇi viˇ D w˛kvk˛ :

Lemma 3.4 is proven. �

Lemma 3.4 yields the following assertion:

Lemma 3.5. Covectors at a point x 2M constitute a vector space T �
xM of dimension

n D dimM dual to the tangent space TxM .

The space T �
xM is called the cotangent space at x 2M .

A generalization of vectors and covectors is the notion of tensor:

• a tensor of type .k; l/ at x 2M is an object

T
i1:::ik
j1:::jl

; i1; : : : ; ik; j1; : : : ; jl D 1; : : : ; n D dimM;

given for all values of the superscripts i and the subscripts j such that its expres-
sions in different local coordinates are connected by the formula

.ˇ/T
i1:::ik
j1:::jl

D @x
i1
ˇ

@x
r1
˛

: : :
@x
ik
ˇ

@x
rk
˛

@x
s1
˛

@x
j1

ˇ

: : :
@x
sl
˛

@x
jl

ˇ

.˛/T r1:::rks1:::sl
; (3.4)



60 Chapter 3. Smooth manifolds

• a family of tensors of the same type depending continuously on x 2M is called
a tensor field on M .

A particular case of a tensor field is a vector field. If a tensor (in particular, vector)
field depends smoothly on the point, i.e., all functions T i1:::ikj1:::jk

are smooth, then we say
that the field is smooth.

We see that

(1) a tangent vector is a tensor of type .1; 0/;

(2) the gradient of a function is a tensor of type .0; 1/.

Since vectors v are linear functions on covectors w of the form v.w/ D w.v/,
tensors T of type .k; l/ are linear functions of k covectors u.m/ and l vectors v.n/:

T .u.1/; : : : ; u.k/; v.1/; : : : ; v.l// D T i1:::ikj1:::jl
u
.1/
i1
: : : u

.k/
ik
v
j1

.1/
: : : v

jl

.l/
:

Now, formula (3.4) is derived componentwise from formulas (3.1) and (3.3) which
follow for tangent vectors and gradients of functions from the chain rule.

Formula (3.4) is obvious for tensor products of tensors of types .1; 0/ and .0; 1/:
the tensor product of tensors A and B of the respective types .k; l/ and .p; q/ is the
tensor A˝ B of type .k C p; l C q/ such that

.A˝ B/i1:::ikr1:::rpj1:::jl s1:::sq
D Ai1:::ikj1:::jl

� Br1:::rps1:::sq :

We have already indicated the basis

e1 D @1; : : : ; en D @n
of the form (3.2) for the space of vectors. Its associated dual basis for the space of
covectors is

e1 D dx1; : : : ; en D dxn:
It is uniquely determined by the values of its elements at the basis vectors:

ei .ej / D ıij :
The tensor products of the form

ei1 ˝ � � � ˝ eik ˝ ej1 ˝ � � � ˝ ejl

determine a basis for the space of tensors of type .k; l/ at every point. For such tensors
we obviously have the decomposition

T D T i1:::ikj1:::jl
ei1 ˝ � � � ˝ eik ˝ ej1 ˝ � � � ˝ ejl :

If an inner product .v1; v2/ is given in each tangent space TxM (for surfaces in R3

this is the first fundamental form) then we obtain the metric

gij e
i ˝ ej D gijdxidxj ;
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which is a tensor of type .0; 2/:

.v1; v2/ D gij vi1vj2 ; gij D .ei ; ej /:
The tangent vectors, i.e., pairs .x; v/with x 2M and v 2 TxM , constitute the tangent
bundle TM .

Theorem 3.1. The tangent bundle TM of an n-dimensional manifold M carries the
structure of a smooth manifold such that

(a) the projection � W TM !M is a smooth map;
(b) every point x 2M has a neighborhood U such that the inverse image ��1.U /

of this neighborhood is diffeomorphic to the direct product U � Rn: f W ��1.U / !
U �Rn; moreover, �.f �1.x; v// D x, where x 2 U and v 2 Rn .the diffeomorphism
f agrees with the projection/.

Proof. For each point x 2 M take some coordinate neighborhood U˛ with coordi-
nates .x1˛; : : : ; x

n
˛/. Let W˛ be the set of tangent vectors v attached to points of U .

Introduce the coordinates .x1˛; : : : ; x
n
˛ ; v

1
˛; : : : ; v

n
˛/ on W˛ , where v 2 TxM has the

decomposition v D vi˛@i in the basis (3.2).
The family W˛ constitutes a covering of TM and, assuming that the coordinates

.x1˛; : : : ; x
n
˛ ; v

1
˛; : : : ; v

n
˛/ are smooth, we introduce the sought structure of a smooth

manifold on TM . Theorem 3.1 is proven. �

Henceforth by the smooth structure on TM we mean the structure constructed in
the proof of Theorem 3.1.

Similarly, we can prove that the set of covectors attached to points of M , i.e., the
cotangent bundle T �M ofM , carries the structure of a smooth manifold such that the
projection � W T �M ! M is a smooth map and every point x 2 M has a neighbor-
hood U such that the inverse image ��1.U / of this neighborhood is diffeomorphic to
the direct product U � Rn, where n D dimM .

A tensor Ti1:::ik of type .0; k/ is antisymmetric if its value changes sign as arbitrary
two indices interchange:

Ti1:::ip :::iq :::ik D �Ti1:::iq :::ip :::ik :
There is a one-to-one correspondence between the antisymmetric tensors of type

.0; k/ and differential k-forms:

T $ !T D
X

i1<���<ik
Ti1:::ikdx

i1 ^ � � � ^ dxik :

Indeed, we have

dx1 ^ � � � ^ dxk D e1 ^ � � � ^ ek D
X
�2Sk

.�1/�.�/ei1 ˝ � � � ˝ eik ;
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where Sk is the permutation group of a k-element set and �.�/ equals 0 or 1 depending
on whether the permutation � D � 1 ::: ki1 ::: ik

�
is even or odd. Hence,

!T D Ti1:::ikdxi1 ˝ � � � ˝ dxik ;
where the repeated indices i1; : : : ; ik imply summation.

Moreover, the exterior (or wedge) product of forms !1 D ˛dxi1 ^ � � � ^ dxik and
!2 D ˇdxj1 ^ � � � ^ dxjl is defined as

!1 ^ !2 D ˛ˇdxi1 ^ � � � ^ dxik ^ dxj1 ^ � � � ^ dxjl I
moreover, dxp1 ^ � � � ^ dxpm D 0 (by definition) if some of the indices p1; : : : ; pm
coincide. This product extends to all differential forms by linearity.

Once a Riemannian metric gijdxidxj is given on an oriented manifold M n, we
can define the volume form

d� D pg dx1 ^ � � � ^ dxn; g D det.gij /;

which behaves like an antisymmetric tensor of type .0; n/ under orientation-preserving
changes of coordinates. In general relativity, the volume form for pseudo-Riemannian
metrics of type .1; 3/ is defined as

d� D p�g dx1 ^ � � � ^ dxn:
This form is needed for integration: namely, by definition, the integral of a function
f .x/ over the manifold is defined to be the quantityZ

Mn

f .x/ d�:

Problem 3.9. Let !1 be a k-form and let !2 be an l-form. Prove that

!1 ^ !2 D .�1/kl!2 ^ !1:
Problem 3.10. With each vector field v we can associate the operator iv which takes
n-forms into .n � 1/-forms by the following rule:

iv!.�1; : : : ; �n�1/ D !.v; �1; : : : ; �n�1/

(or Œiv!�j1:::jn�1
D vj!jj1:::jn�1

). Prove that this operator is anti-derivation:

iv.!1 ^ !2/ D .iv!1/ ^ !2 C .�1/k!1 ^ .iv!2/;
where !1 is a k-form.

Problem 3.11. Suppose that a linear operator T W V ! V is defined in some coordi-
nates in V by values T ij :

T � D �; �i D T ij �j :
Prove that these values constitute a tensor of type .1; 1/.
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3.4 Action of maps on tensors

In §3.2 we indicated how a smooth map

f W M n ! N k; y1 D .x1; : : : ; xn/; : : : ; yk D yk.x1; : : : ; xn/;
acts on tangent vectors. The map

f� W TxM n ! Tf .x/N
k

of tangent spaces takes the velocity vector v of a curve �.t/ at a point x D �.0/ into
the velocity vector of the curve Q�.t/ D f .�.t// at t D 0 and has the form

v ! w W wi D @yi

@xj
vj : (3.5)

Since covectors are linear functions of vectors, the map f acts on covectors in the
reverse direction by the rule

f � W T �
f .x/N

k ! T �
xM

n W hf �.�/; vi D h�; f�.v/i;
or in the coordinate notation

�i .y/dy
i ! �i .y.x//dy

i .x/ D �i .y.x// @y
i

@xj
dxj ;

i.e.,

�! � W �i ! �j D @yi

@xj
�i : (3.6)

Although formulas (3.5) and (3.6) look similar, they are essentially different in one
respect: the left-hand side in (3.5) and the right-hand side in (3.6) are a vector v and
a covector � attached to x 2 M n, while the right-hand side in (3.5) and the left-hand
side in (3.6) are a vector and a covector attached to f .x/.

The linear map f � extends naturally to tensors of type .0;m/:

T .y/dyi1 ˝ � � � ˝ dyim ! T .y.x//
@yi1

@xj1
: : :

@yim

@xjm
dxj1 ˝ � � � ˝ dxjm

and, in particular, to antisymmetric tensors, i.e., differential forms:

T .y/dyi1 ^ � � � ^ dyim ! T .y.x//
@yi1

@xj1
: : :

@yim

@xjm
dxj1 ^ � � � ^ dxjm ; (3.7)

and relates to an l-form ! on N k the form f �! of the same type on M n.

Problem 3.12. Prove the formula

f �.!1 ^ !2/ D f �!1 ^ f �!2:
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Example (Induced metric). Let gijdyidyj be a Riemannian metric on N k and let
f W M n ! N k be an embedding. The action of f � on the metric tensor gij determines

the induced metric gij .f .x//
@yi

@xp
@yj

@xq dx
pdxq . In the case n D 2 and N k D R3 we

obtain the first fundamental form on a surface.

Recall some facts from calculus: the exterior derivative of a k-form

! D
X

i1<���<ik
Ti1:::ikdx

i1 ^ � � � ^ dxik

is the .k C 1/-form

d! D
X

i1<���<ik

@Ti1:::ik
@xi

dxi ^ dxi1 ^ � � � ^ dxik :

A form ! is closed if d! D 0. If ! D d� for some form �, then the form ! is
exact.

Problem 3.13. Prove that all closed forms are exact:

d2 D 0:
Problem 3.14. Prove the formula

f �d! D df �!:

We introduce one more important definition: a topological space X is simply con-
nected if every continuous map

f W S1 ! X

of the circle S1 D fx2 C y2 D 1g (in the plane R2) extends to a continuous map

f W D2 ! X

of the disk D2 D fx2 C y2 � 1g. This property is especially important for the
following reason:

• on a simply connected smooth manifoldM n, the value of the integral of a closed
1-form ! along a curve � W Œ0; T � ! M n depends only on the endpoints of the
curve: Z T

0

��! D f .P;Q/; P D �.0/; Q D �.T /:
Indeed, if two smooth curves �1 and �2 connect two points P and Q, then they

together constitute a map f W S1 ! X which determines the curve �1 traversed clock-
wise for y 	 0 and the curve �2 traversed counter-clockwise for y � 0, and we
obtain Z

S1

f �! D
Z
�1

f �! �
Z
�2

f �!:
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If the map of the circle extends to a map g W D2 ! M n of the disk then, as easy to
show, this extension can be made smooth, and then the Stokes theorem givesZ

S1

f �! D
Z
D2

df �! D
Z
D2

f �d! D 0;

i.e.,
R
�1
f �! D R

�2
f �! (the integral depends only on the endpoints).

We turn to the definition of the Lie derivative of a tensor field.
Consider a smooth vector field v.x/ on M n. For a small neighborhood U of each

point x0 2M n and for small t < T , there is a unique solution to the equation

Py D v.y/
with the initial data y.t/ D x, where x 2 U (if M n is compact then, certainly, this
solution exists globally for all times). Denote by 't the point 't .x/ D y.t/, where
y.t/ is the solution to the equation with y.0/ D x. From the uniqueness theorem we
obtain:

'sCt .x/ D 's.'t .x//; 0 � s; t; s C t < T:
The trajectories of the points x, i.e., the curves �.t/ D 't .x/, are called the integral
curves of the vector field and the existence and uniqueness theorem claims that, for
each point, there is a unique integral curve passing through this point. If v.x0/ D 0,
then the curve degenerates into a fixed point x0.

Consider how a smooth tensor field T j1:::jk

i1:::il
of type .k; l/ evolves along the integral

curves of a field v. Denote by e1; : : : ; en and e1 D dx1; : : : ; en D dxn the basis
vector and covector fields (we consider only a small coordinate neighborhood of a
point x 2M n). Now, define a function of the parameter t whose values are tensors of
type .k; l/ at x:

S
j1:::jk

i1:::il
.t/ei1 ˝ � � � ˝ eil ˝ ej1

˝ � � � ˝ ejk

D T j1:::jk

i1:::il
.'t .x//'

�
t .e

i1/˝ � � � ˝ '�
t .e

il /˝ .'t /�1� .ej1
/˝ : : : .'t /�1� .ejk

/:

The Lie derivative of a tensor field T along a vector field v (at x) is the tensor

.LvT /
j1:::jk

i1:::il
D d

dt
S
j1:::jk

i1:::il
.t/
ˇ̌̌
tD0:

Calculate this derivative. For small values of t we have (in local coordinates)

't .x/
i D xi C tvi .x/C o.t/; i D 1; : : : ; n:

Therefore,

..'t /�T /i D
�
ıij C t

@vi .x/

@xj
C o.t/

�
T j
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and

.'�
t T /i D

�
ı
j
i C t

@vj .x/

@xi
C o.t/

�
Tj :

Eventually, we obtain

S
j1:::jk

i1:::il
.t/ D T q1:::qk

p1:::pl
.'t .x//

�
ıj1
q1
� t @v

j1

@xq1

�
: : :
�
ıjk
qk
� t @v

jk

@xqk

�
�
�
ı
p1

i1
C t @v

p1

@xi1

�
: : :
�
ı
pl

il
C t @v

pl

@xil

�
C o.t/:

Hence we conclude that

.LvT /
j1:::jk

i1:::il
.x/ D vm @T

j1:::jk

i1:::il

@xm
C T j1:::jk

m:::il

@vm

@xi1
C � � �

� � � C T j1:::jk

i1:::m

@vm

@xil
� Tm:::jk

i1:::il

@vj1

@xm
� � � � � T j1:::m

i1:::il

@vjk

@xm
:

If the tensor field T depends also on time, T D T .x; t/, then the total derivative
along the vector field v is the value

dT

dt
D @T

@t
C LvT:

Problem 3.15. Prove the formula

Lv.R˝ S/ D .LvR/˝ S CR˝ .LvS/:
Problem 3.16. Let !1 and !2 be differential forms. Prove that

Lv.!1 ^ !2/ D .Lv!1/ ^ !2 C !1 ^ .Lv!2/:
Problem 3.17. Prove that, for a scalar function, the Lie derivative along a field v
coincides with the derivative along v:

Lvf D vi @f
@xi
D @vf;

and for a vector field w the Lie derivative equals the commutator of the fields:

Lvw D Œv; w�; Œv; w�i D vk @w
i

@xk
� wk @v

i

@xk
:

Problem 3.18. Let iv be the operator of Problem 3.10. Prove the identity

ivd C div D Lv:
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3.5 Embedding of smooth manifolds into the Euclidean space

In the beginning of the 20th century a smooth manifold was understood as the regular
zero set of a map f W Rn ! Rk , which is now called a submanifold of the Euclidean
space. In fact, the intrinsic definition given in §3.2 is not more general. Namely, the
following Whitney theorem holds:

• each smooth n-dimensional manifold with a countable base (i.e., having a count-
able base of open sets) is embedded into R2n.

We restrict our consideration to proving the following simpler assertion:

Theorem 3.2. Let M be a closed smooth manifold. Then there is an embedding
' W M ! RN into the Euclidean space of a sufficiently large dimension.

Proof. We can restrict our consideration to the case of a connected manifold. Let n be
the dimension of the manifold.

We say that a partition of unity is given on a manifoldM if we are given a covering
fU˛g of the manifoldM by open sets and a family of functions '˛ W M ! R such that

(1) '˛.x/ D 0 if x does not lie in Ui ;
(2) all functions '˛ are nonnegative: '˛ 	 0;
(3) at each point x only finitely many functions '˛ are nonzero andX

˛

'˛.x/ � 1:

For a compact manifoldM , take an open covering fU˛g possessing some additional
properties. Namely,

(1) local coordinates x˛ are given in each domain U˛ which vary in the interior of

the ball
P
i

�
xk˛
�2
< 1;

(2) for some " > 0, the subdomains V˛ � U˛ defined by the condition
P
i

�
xi˛
�2
<

1 � " constitute a covering of the manifold M , too.
Obviously, we can easily find such finite covering in view of compactness.
For this covering we construct a smooth partition of unity as follows: take some

smooth function f .r/ defined on the half-axis r 	 0 and possessing the following
properties:

(1) f .r/ � 1 for r � 1 � ";
(2) f .r/ � 0 for r 	 1;
(3) 0 < f < 1 for 1 � " < r < 1.

Define the function  ˛ as

 ˛.x/ D
(
f ..x1˛/

2 C � � � C .xn˛/2/ for x 2 U˛;
0 otherwise;
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and put

'˛ D  ˛P
ˇ  ˇ

; ˛ D 1; : : : ; k;

constructing thereby a smooth partition of unity subordinate to the covering fU˛g.
Given ˛ D 1; : : : ; k, define the smooth map f˛ W M ! RnC1 by the formula

f˛.x/ D
(
.'˛.x/x

1
˛; : : : ; '˛.x/x

n
˛ ; '˛.x// for x 2 U˛ ,

0 otherwise:

Since each map f˛ determines an embedding of the ball V˛ into RnC1, the rank of the
map f˛ is maximal at the points of V˛ (is equal to n). Therefore, the map

F W M ! R.nC1/k; F .x/ D .f1.x/; : : : ; fk.x//;
is an immersion of M into Rk.nC1/.

Note that
(1) if x1; x2 2 V˛ and x1 ¤ x2, then f˛.x1/ ¤ f˛.x2/;
(2) if x1 2 V˛ and x2 does not lie in V˛ , then the .nC 1/st coordinates of the map

f˛ at these points are different: it equals 1 for x1 and is less than 1 for x2.
Consequently, the map F is an embedding of M into R.nC1/k . The theorem is

proven. �

Problem 3.19. .1/ Prove that every product of spheres of the form Sk1 � � � � � Skn is
embedded into the Euclidean space Rk1C���CknC1 whose dimension is greater by one
than the sum of the dimensions.

.2/ Suppose that a closed n-dimensional manifold M n is embedded into RnC1.
Prove that M n � Sk is embedded into RnCkC1.

Problem 3.20. Suppose that a manifoldM n is embedded into RnC1 as the zero set of
a smooth function f W RnC1 ! R and the gradient of f is nonzero everywhere on the
set ff D 0g. Prove that the manifold M n is orientable.
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Riemannian manifolds

4.1 Metric tensor

Let M be a smooth manifold and the tangent space at each point of M be endowed
with an inner product defined by a symmetric tensor gij :

v;w 2 TxM ! .v; w/ D gij viwj 2 R; gij D gj i :
Suppose that gij .x/ depends continuously on x 2 M . Such a manifold is called a
Riemannian manifold and the tensor gij is called the metric tensor (or the Riemannian
metric).1 If the metric depends smoothly on x, then we have a smooth Riemannian
manifold.

The simplest examples of smooth Riemannian manifolds are submanifolds in Rn.
Let f W M ! Rn be an embedding of a manifold M into Rn. Define the metric

. � ; � / on M induced by the embedding. Given v;w 2 TxM and f�.v/; f�.w/ 2
Tf .x/R

n, we put
.v; w/´ .f�.v/; f�.w//;

where in the right-hand side we take the standard inner product in Rn. In the case of
surfaces in R3 the metric tensor induced by the embedding is called the first fundamental
form.

We can give a more general definition: if f W M ! N is a smooth embedding of
M into a Riemannian manifold N , then the metric on the manifold M given by the
formula

.v; w/ D .f�.v/; f�.w//N ;

where . � ; � / is the metric on N , is said to be induced by the embedding f .
From Theorem 3.2 we obtain

Corollary 4.1. Each closed smooth manifold carries a smooth Riemannian metric.2

1Do not confuse this notion with a metric as the distance between two points.
2Moreover: each Riemannian metric is induced by some embedding into the Euclidean space of suffi-

ciently large dimension. This embedding is called isometric. Namely,
• each Riemannian n-dimensional manifoldMn admits aC 1-smooth isometric embeddingMn ! R2n

(moreover, it is possible that the metric tensor is continuous but not differentiable) (Nash and Kuiper);
• each smooth Riemannian n-dimensional manifold Mn admits a smooth isometric embedding into

R
1
2 .3n2C11n/.nC1/. For closed manifolds, there is an isometric embedding into R

1
2 .3n2C11n/; if the

Riemannian manifold is real-analytic, then the embedding can be chosen real-analytic, too (Nash).
We have stated these theorems in their original form as obtained by Nash and Kuiper. Later these estimates

in the Nash theorem were improved.
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We introduce gij which is uniquely determined by the following relations:

gijgjk D
(
1 if i D k;
0 if i ¤ k:

A generalization of a Riemannian metric is the notion of a pseudo-Riemannian
metric: suppose that the tensor gij is symmetric but not necessarily positive definite
and the corresponding matrix has k positive and .n � k/ negative eigenvalues, where
dimM D n. Then it determines a pseudo-Riemannian metric of signature .k; n � k/.

The simplest example of a manifold with such a metric is the pseudo-Euclidean
space Rk;n diffeomorphic to RkCn and such that each tangent plane is endowed with
the indefinite inner product

.v; w/k;n D v1w1 C � � � C vkwk � vkC1wkC1 � � � � � vkCnwkCn:

The space R1;3 is called the Minkowski space and known as “spacetime” in special
relativity (see Chapter 5).

4.2 Affine connection and covariant derivative

As a rule, formulas (3.4) which connect the expressions of tensors in different coordi-
nate systems are nonlinear with respect to the coordinates on the manifold. Therefore,
definition of the derivative of tensors which would be independent of coordinates re-
quires introduction of affine connections.

Let M be a smooth manifold.
Suppose that, at each point x 2M , we have a function which relates to each vector

field v on M and each vector w 2 TxM the new tangent vector

v;w ! rwv 2 TxM (4.1)

and the following conditions are satisfied:

(1) the map (4.1) is linear in both arguments:

r˛1w1C˛2w2
v D ˛1rw1

v C ˛2rw2
v;

rw.˛1v1 C ˛2v2/ D ˛1rwv1 C ˛2rwv2; ˛1; ˛2 2 RI
(2) if f W M ! R is a smooth function, then

rfwv D f rwv; rwf v D .Dwf / v C f rwv;
where Dwf is the derivative of f the direction of w.
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This function (4.1) is called an affine connection and its value rwv is called the
covariant derivative of the vector field v in the direction of w.

If the vector field rwv is smooth for smooth vector fields v and w, then the con-
nection is called smooth. Henceforth we assume that all connections are smooth.

Note that, defining the connection, we do not requireM be a Riemannian manifold.
In coordinates, the connection is written in terms of the Christoffel symbols 	kij .

Namely, let x1; : : : ; xn be coordinates in a domain of M and let @1; : : : ; @n be the
corresponding vector fields (3.2) which generate bases for the tangent spaces. Define
the Christoffel symbols by the formula

r@j @i D 	kij @k : (4.2)

It follows from the definition of connection that for arbitrary vector fields v D vi@i
and w D wj @j the covariant derivative has the form

rwv D rwj @j
.vi@i / D wjr@j .vi@i /

D wj
�
@vk

@xj
@k C vir@j @i

�
D wj

�
@vk

@xj
C vi	kij

�
@kI

eventually we obtain

.rwv/k D wj
�
@vk

@xj
C vi	kij

�
: (4.3)

From these calculations we conclude that

• the Christoffel symbols determine the connection uniquely.

Moreover, it follows from them that the Christoffel symbols do not constitute a
tensor. Show this.

Suppose that y1; : : : ; yn are other coordinates in the same domain and z@1; : : : ; z@n
are the corresponding coordinate vector fields. It follows from the chain rule that

@i D @

@xi
D @yj

@xi
@

@yj
D @yj

@xi
z@j :

Insert this in (4.2):

	kij @k D r@j @i D r@j
�
@yl

@xi
z@l
�

D @2yl

@xi@xj
z@l C @yl

@xi
@ym

@xj
rz@m

z@l

D @2yl

@xi@xj
z@l C @yl

@xi
@ym

@xj
z	nlmz@n

D @2ym

@xi@xj
@xk

@yl
@k C @yl

@xi
@ym

@xj
z	nkl

@xk

@ym
@k :
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Comparing the coefficients of @k , we finally obtain

	kij D
@2yp

@xi@xj
@xk

@yp
C @yl

@xi
@ym

@xj
@xk

@yn
z	nlm

(here for clarity we replaced the summation index l in the first summand with p).
Hence,

• the Christoffel symbols transform like tensors only under linear changes of co-

ordinates (in this case @2ym

@xi@xj � 0),

• the valuesT kij D 	kij �	kji constitute a tensor (which is called the torsion tensor).

The covariant derivative extends to arbitrary tensors as follows.
If f is a smooth function on a manifold M , then we naturally assume that

rwf D wj @f
@xj

;

i.e., the covariant derivative coincides with the derivative of a function along the fieldw.
Let u be a covector field on M and let v be a vector field on M . Then f D uivi ,

i.e., the value of u at v is a smooth function and

rwf D wj @.uiv
i /

@xj
:

Under the natural assumption that the covariant derivative satisfies the Leibniz rule

rw.uivi / D .rwu/ivi C ui .rwv/i ;
from (4.3) we derive

.rwu/i D wj @ui
@xj
� 	kijwjuk :

Every tensor of type .k; l/ is representable as a linear combination of elementary tensors
of the form

T
i1:::ik
j1:::jl

D Ai1
.1/
: : : A

ik
.k/
A
.kC1/
j1

: : : A
.kCl/
jl

;

i.e., tensor products of tensors of type .0; 1/ or .1; 0/. Now, supposing that the covariant
derivative satisfies the Leibniz rule

rw.A˝ B/ D .rwA/˝ B C A˝ .rwB/;
and knowing its action on vectors and covectors, we can write its action on every tensor
field. Moreover,

• the covariant derivative of a tensor is a tensor.
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Problem 4.1. Show that the so-defined covariant derivative of a tensor has the form

rwT .i/.k/ D
�
wj
@T

.i/

.k/

@xj
� T .i/

kk2:::kn
	kk1j

� � � � � T .i/
k1:::k

	kknj

C T i i2:::im
.k/

	
i1
ij C � � � C T i1:::i.k/

	
im
ij

�
:

In particular, the following formula is valid for tensors of type .0; 2/:

rwgij D wk @gij
@xk
� wk.	 likglj C 	 ljkgil/:

Note that we started with the definition of the covariant derivative of vector fields and never
supposed that the manifold is Riemannian. Such a definition of connection can be introduced
on every smooth vector bundle, i.e., on a manifold E with a smooth map � W E ! B such that

(1) there is a covering of the manifold B by domains U˛ such that, for each domain U˛ ,
there is a diffeomorphism

p˛ W ��1.U˛/! U˛ � F;
where F is a vector space which is the same for all ˛ and the diffeomorphism p˛ agrees with
the projection:

�.p�1
˛ .x; v// D x; x 2 U˛; v 2 F I

(2) if the intersection U˛ \ Uˇ of such domains is nonempty, then the map

p˛p
�1
ˇ W .U˛ \ Uˇ/ � F ! .U˛ \ Uˇ/ � F

has the form .x; v/! .x; Ax.v//, where, for each point x, the linear transformationAx belongs
to some subgroup G of the group GL.F / of all invertible linear maps of F into itself.

In this case E is called the space of the bundle, B is called the base space, G is called the
structure group of the bundle, and F is called the fiber of the bundle.

The simplest example of a vector bundle after the direct productM �F is the tangent bundle
of an n-dimensional manifoldM : its fiber is isomorphic to Rn, the structure group is GL.n;R/,
and the map � relates to a tangent vector the reference point, i.e., the point to which the vector
is attached (Theorem 3.1).3

In mathematics, there are more general bundles, when the fiber F is not necessarily a vector
space and the maps p˛p

�1
ˇ

have the form .x; y/ ! .x; fx.y//, where fx W F ! F are
diffeomorphisms depending continuously on x. Henceforth we consider only vector bundles.

A section v W U ! E of a bundle, given in some domain U � B , is a function which relates
to each point x 2 U some vector lying in the fiber Fx D ��1.x/ over this point.

A vector field is merely a section of the tangent bundle.
The connection in a bundle is defined as the rule for calculation of the derivatives of smooth

sections:

rj v D
�
@

@xj
C Aj

�
v; (4.4)

3For instance, it is known that the tangent bundle to the n-dimensional sphere Sn is homeomorphic to
the product Sn � Rn if and only if n D 1, 3, or 7.



74 Chapter 4. Riemannian manifolds

where .x1; : : : ; xn/ are the coordinates in U and Aj .x/; i D j; : : : ; n are matrices in the Lie
algebra of the group G (see Chapter 7). The result is again a section of the same bundle. The
connections in the tangent bundle are given by the matrices

Aj D .	k
ij / (4.5)

(here i and k are matrix indices and j is the index of the matrix itself; obviously, in the general
case when the dimensions of the base space and the fiber are different these indices vary over
different values).

Connections of this general form play a fundamental role in physics of elementary particles.
For example, an electromagnetic field is given as a connection in the bundle with the structure
group G D U.1/ (see Chapter 7).

The connection determines the parallel translation in the bundle.
Let � W Œ0; T �! B be a smooth curve on the base of a bundle. Then a vector field

v.t/ (i.e., a function of t with values in the fibers of the bundle: v.t/ 2 ��1.�.t//) is
called parallel along � if �.v.t// D �.t/ for every t and the following equation holds:

Dv

@t
D r P�v D 0: (4.6)

Expanding the left-hand side, we find that the field v is parallel if and only if�
Dv

@t

�i
D P�k

�
@vi

@xk
C 	 ijkvj

�
D 0; k D 1; : : : ; n:

Equation (4.6), being a first-order equation, has a unique solution for an arbitrary
initial value v.0/; and we say that the vector v.1/ is obtained from the vector v.0/ by
parallel translation along the curve � .

4.3 Riemannian connections

Let M be a smooth manifold with a metric gij which can be either Riemannian or
pseudo-Riemannian and let its tangent bundle carry an affine connection.

Lemma 4.1. The following assertions are equivalent.

(1) For every vector field w onM ,

rwgij D 0:
(2) If �.t/ is a smooth curve on M and v and w are parallel vector fields along � ,

then their inner product is constant along � :

d

dt
.v.t/; w.t// D 0:
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(3) If �.t/ is a smooth curve onM and v and w are vector fields along � , then

d

dt
.v.t/; w.t// D .r P�v;w/C .v;r P�w/:

Proof. First of all write down d
dt
.v.t/; w.t// in local coordinates and, using Prob-

lem 4.1, obtain its invariant form:

d

dt
.v.t/; w.t// D d

dt
.gij v

iwj /

D dgij

dt
viwj C gij dv

i

dt
wj C gij vi dw

j

dt

D .r P�gij C 	kil P� lgkj C 	kjl P� lgik/viwj C gij
dvi

dt
wj C gij vi dw

j

dt

D r P�gij viwj C gij
�
dvi

dt
C 	 ikl P� lvk

�
wj

C gij vi
�
dwj

dt
C 	j

kl
P� lwk

�
D r P�gij viwj C .r P�v;w/C .v;r P�w/:

It is clear from the last formula that (1) implies (3). The fact that (2) follows from (3) is
obvious. We are left with proving that (2) implies (1). Take an arbitrary point x 2 M
and arbitrary vectors u; v; w 2 TxM . Draw a curve from x in the direction of u and
extend (uniquely) v and w to parallel vector fields on the curve. It follows from (2)
that rugij viwj D 0. Since all data are arbitrary, (1) follows. Lemma 4.1 is proven.

�

If a connection satisfies one of the conditions (1)–(3) of Lemma 4.1, then it is
compatible with the metric.

Another important class of connections are symmetric connections: a connection
is symmetric if its torsion tensor is identically zero,

T kij D 	kij � 	kji D 0:
Obviously, this identity is equivalent to the following assertion: the relation

ruv � rvu D Œu; v� (4.7)

holds for every pair of vector fields u and v, where

Œu; v�i D uj @v
i

@xj
� vj @u

i

@xj

is the commutator of the vector fields u and v. The equivalence is proven by straight-
forward computations.
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The following theorem holds:

Theorem 4.1. On each Riemannian manifold, there is a unique symmetric connection
compatible with the metric. Its Christoffel symbols have the form

	kij D
1

2
gkl

�
@gil

@xj
C @glj

@xi
� @gij
@xl

�
: (4.8)

Proof. Let @1; : : : ; @n be the basis for TxM corresponding to coordinates x1; : : : ; xn

in a domain U �M . The tensor gij has the form gij D .@i ; @j /.
Suppose that r is a symmetric connection on the manifold compatible with the

metric. It follows from Lemma 4.1 that the equality

@gij

@xl
D .r@l

@i ; @j /C .@i ;r@l
@j / D 	mil gmj C 	mjlgim (4.9)

holds at each point of U . Inserting this equality in

@gil

@xj
C @glj

@xi
� @gij
@xl

and recalling that the connection and the metric tensor are both symmetric; i.e., 	kij D
	kji and gij D gj i for all i , j , and k, we obtain

2	mij gml D
@gil

@xj
C @glj

@xi
� @gij
@xl

:

Multiplying both sides of the last formula by 2gkl and summing over l , we arrive at
(4.8).

Conversely, connection (4.8) is obviously symmetric. By Lemma 4.1, it is compat-
ible with the metric, since it satisfies equation (4.9). Theorem 4.1 is proven. �

This theorem is a generalization of Theorem 2.5 for surfaces in R3 to arbitrary
Riemannian and pseudo-Riemannian manifolds.

The case of surfaces in R3 suggests the following construction of such connections
on submanifolds.

LetM be a Riemannian manifold with a symmetric connection r compatible with
the metric. Let N be a submanifold in M with the induced metric. Consider a vector
field v on N and let w 2 TxN . The covariant derivative rwv need not be tangent
to N ; therefore, decompose it into components

rwv D zrwv C B.w; v/;
where zrwv 2 TxN and the vectorB.w; v/ is orthogonal toTxN . It is easy to check that
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• zr determines a symmetric connection onN compatible with the induced metric;
• B is a symmetric bilinear operator (the second fundamental form) on the tangent

bundle of the submanifold N with values in the orthogonal complements of the
tangent spaces TxN .

In the case of surfaces in R3 the Christoffel symbols are determined this way from
the trivial connection on R3 (	kij D 0 in the Euclidean coordinates), and the second
fundamental form multiplied by the normal to the surface coincides with B .

4.4 Curvature

Let M be a manifold with a connection in the tangent bundle and let U be a domain
onM with local coordinates x1; : : : ; xn. Take x 2M . Suppose for simplicity that the
coordinates of x are .0; : : : ; 0/.

Consider a small square in U whose sides are segments of the coordinate lines and
join successively the points x D .0; 0; 0; : : : /, y D ."; 0; 0; : : : /, z D .0; "; 0; : : : /,
and s D ."; "; 0; : : : /, where : : : stands for zeros. Define two operators T1" and T2"
from TxM to TsM . Each of them is a composition of successive parallel translations
along the sides of the square: T1" is the composition of the translations from x to y
and then from y to s, and T2" is the composition of the translations from x to z and
then from z to s.

w

T2".w/

T1".w/

Figure 4.1. Parallel translations along the sides of a square.

In the general case T1".w/ ¤ T2".w/ and the difference between these vectors is
described by the curvature of the connection. The notion of curvature is defined for
every connection on every vector bundle. However, the general definition is based on
the theory of Lie groups and algebras. Therefore, we restrict ourselves to the case of
connections on the tangent bundle.

Find T1".w/�T2".w/ up to lower order terms in ". Denote the operator of parallel
translation from x to y by 
1 and the operator of parallel translation from y to s by 
2.
We decompose all tangent vectors in the bases @1; : : : ; @n for the tangent spaces.
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It follows from (4.6) that


1.w/
k D wk � "	k1j .x/wj CO."2/;


2. zw/k D zwk � "	k2j .y1/ zwj CO."2/D zwk � "
�
	k2j .x/C "

@	k2j .x/

@x1

�
zwj CO."2/:

Also, we can easily estimate the terms of order "2: w is a solution to the equation (4.6)
of the form Pw D Aw and substituting for A and w their Taylor series, we obtain

w."/ D w.0/ � A.0/w.0/" � . PA.0/w.0/C A.0/ Pw.0//"
2

2
CO."3/:

Now, when all computations become clear, we can give the final answer:

T1".w/
k � T2".w/k D

�
� @	

k
2j

@x1
C @	k1j

@x2
C 	k2l	 l1j � 	k1l	 l2j

�
wj � "2 CO."3/:

The last expression has the form

T1".w/ � T2".w/ D .r@2
r@1
� r@1

r@2
/w � "2 CO."3/: (4.10)

These calculations lead to introduction of the curvature tensor (or Riemann (cur-
vature) tensor), which represents a linear function of three vector fields u, v, and
w:

R.u; v/w D .rvru � rurv CrŒu;v�/w:
(obviously, Œ@i ; @j � D 0).

Lemma 4.2. The value R.u; v/w at a point x depends only on the values of u, v, and
w at x and the map

R W TxM � TxM � TxM ! TxM

is linear in each of the arguments; i.e., Rl
ijk

is a tensor, where

.R.u; v/w/l D Rlijkukvjwi ;

Rlijk D
@	 l

ik

@xj
� @	

l
ij

@xk
C 	 lmj	mik � 	 lmk	mij : (4.11)

Proof. We can demonstrate straightforwardly that, multiplying some of three fields,
say, the field u by a smooth function f , we obtain R.f u; v/w D fR.u; v/w. Indeed,
we have

R.f u; v/w D .rvrf u � rf urv CrŒf u;v�/w
D .rvf ru � f rurv Cr.f Œu;v��Dvf u//w

D .Dvf ru C f rvru � f rurv C f rŒu;v� �Dvf ru/w
D fR.u; v/w:



4.4. Curvature 79

For v and w this identity is proven by similar calculations. Decomposing the fields in
the basis f@ig and applying this property, we obtain

R.uk@k; v
j @j /.w

i@i / D ukvjwi �R.@k; @j /@i ;
which completes the proof of Lemma 4.2. �

Note that in terms of the matrices Aj D .	l
ij
/ (see (4.5)) formula (4.11) takes a very simple

form:

�jk D @Ak

@xj
� @Aj

@xk
C AjAk � AkAj D @Ak

@xj
� @Aj

@xk
C ŒAj ; Ak �;

where�jk D Rl
ijk

. For a general connection (4.4),� is called the curvature of the connection;
in small domains in the base over which the bundle is trivial, � is the matrix-valued 2-form
� DPj <k �jkdx

j ^dxk (globally on a manifold it is a 2-form with values in fibers of some
bundle which is isomorphic to the Lie algebra of the group G).

A connection has zero curvature, if it satisfies the zero curvature equations

@Ak

@xj
� @Aj

@xk
C ŒAj ; Ak � D 0; j; k D 1; : : : ; n:

In one important particular case, these equations appeared already in Chapter 2 as the Gauss–
Codazzi equations.

Consider differential forms with values in fibers of a bundle and define the differential dr

by the formula

dr
� X
i1<���<ik

Ti1:::ik
dxi1 ^ � � � ^ dxik

�
D

X
i;i1<���<ik

riTi1:::ik
dxi ^ dxi1 ^ � � � ^ dxik ; (4.12)

where ri D r@i
.

Problem 4.2. Prove that the square of the differential dr is the operator of multiplication by
the curvature form:

.dr/2! D � ^ !:

The following lemma is the infinitesimal version of (4.10).

Lemma 4.3. Let r W U !M be an immersion of a surfaceM and let x and y be the
coordinates on the surface. Then

D

@y

D

@x
� D

@x

D

@y
D R.rx; ry/:

Here D=@x and D=@y stand for the operators (4.6) of taking the total derivative
along the coordinate lines on the surface.

Proof. The local coordinates x and y on the surface extend to coordinates x; y, z1, …,
zn�2 on then-dimensional manifold and the total derivatives coincide with the covariant
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derivatives along the coordinate fields. From the definition of the curvature tensor we
obtain

R.rx; ry/ D �rrx
rry
Crry

rrx
CrŒrx ;ry � D �rrx

rry
Crry

rrx
;

since the coordinate vector fields commute: Œrx; ry � D 0. The lemma is proven. �

The curvature tensor satisfies some additional relations.

Lemma 4.4. Let Rl
ijk

be the curvature tensor of a connection (in the tangent bundle).
Then the following relations hold for arbitrary vector fields u, v, w, and z:

(1) .u; v/w D �R.v; u/w or Rl
ijk
D �Rl

ikj
, i; j; k; l D 1; : : : ; n;

(2) if the connection is symmetric, then

R.u; v/w CR.v;w/uCR.w; u/v D 0
or

Rlijk CRlkij CRljki D 0; i; j; k; l D 1; : : : ; nI
(3) if a Riemannian metric is given onM and the connection is compatible with the

metric, then
.R.u; v/w; z/ D �.R.u; v/z; w/I

(4) if a Riemannian metric is given onM and the connection is compatible with the
metric and is symmetric, then

.R.u; v/w; z/ D .R.w; z/u; v/:
Proof. Assertion (1) is obvious.

Since R is a tensor, it suffices to prove assertion (2) for pairwise commuting (for
example, coordinate) fields. Then

R.u; v/w CR.v;w/uCR.w; u/v
D .�rurvw Crvruw/C .�rvrwuCrwrvu/C .�rwruv Crurwv/

and, applying (4.7), we demonstrate that the right-hand side of this formula is identically
zero.

Assertion (3) means that the expression .R.u; v/w; z/ is antisymmetric with respect
to w and z which is obviously equivalent to the identity .R.u; v/w;w/ D 0. Since R
is a tensor, we can restrict again our exposition to the case of Œu; v� D 0. In this case,
denoting byDu andDv the derivatives of functions along the fields u and v and using
the fact that the connection is compatible with the metric, we obtain

DuDv.w;w/ D Du.rv.w;w//
D 2Du.rvw;w/
D 2ru.rvw;w/
D 2.rurvw;w/C 2.ruw;rvw/
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and similarly
DvDu.w;w/ D 2.rvruw;w/C 2.ruw;rvw/:

Since Œu; v� D 0, we have DuDv D DvDu, whence we derive

.DuDv �DvDu/.w;w/ D �.R.u; v/w;w/ D 0;
as required.

Define the tensor
Rijkl D gimRmjkl (4.13)

or
Rijklu

lvkwj zi D hR.u; v/w; zi:
Assertion (2) takes the form

Rijkl CRiklj CRiljk D RiŒjkl� D 0:
Assertions (1) and (3) mean that the tensor Rijkl is antisymmetric in the second and
the first pairs of indices:

Rijkl D �Rijlk; Rijkl D �Rj ikl :
Using these identities, we can write

RiŒjlk� CRlŒijk� �Rj Œikl� �RkŒilj � D 2.Rlijk �Rjkli / D 0;
which proves assertion (4). Lemma 4.4 is proven. �

From the definition of the curvature tensor of an arbitrary connection we see that it obviously
satisfies the assertion (1) of the above lemma: Fjk D �Fkj . Suppose that an inner product
is given in the fibers of a vector bundle (in this case the structure group is a subgroup of the
orthogonal group O.n/, n D dimF ) which is compatible with the connection: rw.u; v/ D
.rwu; v/C .u;rwv/. Then this connection satisfies the assertion (3) of the above lemma and
its proof repeats verbatim the proof above).

Problem 4.3. Suppose that a connection on a Riemannian manifold M is symmetric
and compatible with the metric. If dimM D 2, then tensor (4.13) is determined com-
pletely by one component, namelyR1212, and if dimM D 3, then by six components.

Also it follows from Lemma 4.4 that if u; v 2 TxM and � is a two-dimensional
subspace in TxM generated by u and v, then the value

K.�/ D .R.u; v/u; v/

.u; u/.v; v/ � .u; v/2
depends only on � . It is called the sectional curvature in the two-dimensional direc-
tion � .
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Lemma 4.5. IfM is a two-dimensional surface in R3 with the induced metric and the
connection is compatible with the metric and is symmetric, then its sectional curvature
K coincides with the Gaussian curvature.

Proof. Take p 2 M . Since the Gaussian and sectional curvatures are independent of
the choice of local coordinates, it suffices to show that these values, calculated in some
special coordinate system, coincide.

Choose orthonormal coordinates .x1; x2; x3/ in R3 so that the surface in a neigh-
borhood of the point p is the graph of a function x3 D f .x1; x2/. Then gi i D 1Cf 2i ,
g12 D f1f2, and

K D f11f22 � f 212
1C f 21 C f 22

;

where the subscripts of f denote derivatives with respect to xi (Problems 2.1 and 2.3).
This expression becomes much simpler if we direct the x3-axis along the normal to the
surface at the point p: in this case grad f .p/ D 0. In particular, we find that

K D f11f22 � f 212
at p and all Christoffel symbols are zero. It follows from (4.8) and (4.11) that

R1212 D @2g12

@x1@x2
� 1
2

�
@2g11

@x2@x2
C @2g22

@x1@x1

�

D f11f22 C f 212 �
1

2
� 4f 212

D f11f22 � f 212:
Hence in the given coordinates the sectional and Gaussian curvatures are both equal to
f11f22 � f 212 and thereby coincide. Lemma 4.5 is proven. �

In applications, of particular interest is the trace of the curvature tensor, the Ricci
tensor,

Rik D Rlilk D
@	 l

ik

@xl
� 	 l

il

@xk
C 	 lml	mik � 	 lmk	mil

rather than the curvature tensor itself.
The trace of the Ricci tensor is called the scalar curvature

R D gikRik :
Riemannian manifolds of constant sectional curvature have sufficiently simple

structure. Every n-dimensional manifold of constant sectional curvature K > 0 in
a neighborhood of each point looks like an n-dimensional sphere of radius 1p

K
. It

means that a small neighborhood of each point can be mapped homeomorphically onto
a domain on the sphere with the lengths of all curves preserved. Manifolds of constant
negative curvature will be considered in §5.1.
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Problem 4.4. Prove that for two-dimensional Riemannian manifolds the Ricci tensor
takes the form

Rik D 2Kgik;
where K is the Gaussian curvature; moreover, R D 2K.

Problem 4.5. Prove that for three-dimensional Riemannian or pseudo-Riemannian
manifolds the curvature tensor is determined completely by the Ricci tensor as follows:

Rijkl D Rikgjl CRjlgik �Rilgjk �Rjkgil C R

2
.gilgjk � gikgjl/:

Problem 4.6. Prove that for manifolds of dimension n 	 4 the curvature tensor is not
determined uniquely by the Ricci tensor.

Problem 4.7. (1) Prove the Bianchi identity for a connection on the tangent bundle:

rmRijkl CrkRijlm CrlRijmk D 0
for arbitrary i , j , k, l , and m.

(2) Prove the Bianchi identity for a connection in an arbitrary vector bundle:

dr� D 0;
where � is the curvature form and the operator dr is defined by (4.12).

4.5 Geodesics

Suppose that an affine connection is defined on the tangent bundle of a smooth mani-
fold M . A geodesic is a curve x.t/ satisfying the equation

D Px
@t
D r Px Px D 0 (4.14)

which is a second-order equation in local coordinates:

Rxi C 	 ijk Pxj Pxk D 0: (4.15)

Introduce coordinates x1; : : : , xn, v1; : : : ; vn in the tangent bundle as in the proof
of Theorem 3.1. In these coordinates, equation (4.15) becomes the following system
of first-order ordinary differential equations:

Pxi D vi ; Pvi D �	 ijk.x/vj vk :
Applying the existence and uniqueness theorem for ordinary differential equations, we
obtain the following assertion:
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Lemma 4.6. For each point x 2 M of a Riemannian manifold M , there exist a
neighborhood U of x and a constant " > 0 such that, for every point y 2 U and every
vector v 2 TyM of length < ", there is a unique geodesic � W .�1; 1/!M satisfying
the initial conditions

�.0/ D y; P�.0/ D v: (4.16)

Proof. The theorem on existence and uniqueness of a solution to an ordinary differential
equation formally implies that, for some neighborhood W of a point .x; 0/ 2 TM ,
there exists ı > 0 such that for every point .y; v/ 2 W , there is a unique geodesic
�1 W .�ı; ı/!M with the initial data (4.16).

Now choose a constant "1 > 0 and a neighborhood U �M of x such that .y; v/ 2
W for y 2 U and jvj < "1. It follows from (4.15) that if the curve Q�.t/ is a geodesic,
then for every constantC the curve O�.t/ D Q�.C t/ is a geodesic, too. Now take " D ı"1
and �.t/ D �1.ıt/. Lemma 4.6 is proven. �

It follows from Lemma 4.6 that, for every point x 2 M in a small ball
Bx;" D fv 2 TxM j jvj < "g, we can define the exponential map

expx W Bx;" !M;

which relates to a point .x; v/ the endpoint �.1/ of the geodesic.
Below, we restrict our exposition to geodesics of symmetric connections compatible

with the metrics. By analogy with the case of surfaces, we can prove that

• the geodesics coincide precisely with solutions to the Euler–Lagrange equations
with the Lagrangian L.x; Px/ D gij Pxi Pxj , where gij is the Riemannian metric;

• the geodesics are naturally parameterized (j Pxj D const) extremal functions of
the length functional.

We apply the exponential map to prove the following fact:

Lemma 4.7. For each point x 2M , there is a neighborhood V and a constant � > 0
such that

.1/ arbitrary pairs of points of V are joined by a unique geodesic of length � �
and this geodesic depends smoothly on the endpoints;

.2/ for each point y 2 V , the map expy takes the ball By;� � TyM diffeomorphi-
cally onto a neighborhood of y inM .

Proof. Consider the function

F W zU !M �M;
where zU � TM is the domain of points .x; v/ with x 2 U and jvj < " and F.x; v/ D
.x; expx.v//. Its derivatives at .x; 0/ have the form

@F i

@xj
D ıij ;

@F iCn

@xj
D ıij ;

@F i

@vj
D 0; @F iCn

@vj
D ıij ;
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where F D .F 1; : : : ; F 2n/ and i D 1; : : : ; n. Since the Jacobian matrix of this map
at .x; 0/ is nondegenerate, this map is invertible in a small neighborhood of .x; x/ by
the inverse function theorem.

Choose a domain zU 0 � zU of points .x; v/, where x 2 U 0 and jvj < �, on which
the map F acts diffeomorphically onto the image. Now find a neighborhood V � M
of the point x such that V � V � F. zU 0/. It is easy to note that this neighborhood is
the sought one, since the length of the segment of the geodesic � from x to expx.v/ is
equal to jvj (this follows from the arc length parameterization of the geodesic).

Lemma 4.7 is proven. �

In a neighborhood V of a point x, introduce the coordinates which relate to y 2M
the coordinates .v1; : : : ; vn/, where expx.v/ D y. These coordinates are called the
geodesic coordinates.

Lemma 4.8. In the geodesic coordinates, all Christoffel symbols at x are zero:

	 ijk.x/ D 0:
Proof. In the geodesic coordinates the equation for the geodesic �.t/ with the initial
data �.0/ D x and P�.0/ D v has the form �.t/ D tv. Writing down equation (4.15)
for this geodesic, we obtain

	 ijkv
j vk D 0

along the geodesic. Since the direction v at x can be chosen arbitrary, the Christoffel
symbols are identically zero at this point. Lemma 4.8 is proven. �

Lemma 4.9. Let � be a two-dimensional plane in TxM and let † be an embedded
two-dimensional surface formed by the geodesics drawn in the directions tangent to �
(i.e., † D expx.� \Bx;�/) and endowed with the induced metric. Then the Gaussian
curvature of † at x coincides with the sectional curvature of M at x in the two-
dimensional direction � .

Proof. Choose a basis @1; : : : ; @n for TxM such that .@i ; @j / D gij .x/ D ıij and
construct the geodesic coordinates in V for this basis. Without loss of generality we
may assume that � is spanned by @1 and @2.

Since all Christoffel symbols are zero and g11g22 � g212 D 1 at the point x, the
Gaussian curvature † at x (calculated for the metric according to the Gauss theorem
(see §2.5)) is equal to

K D @2g12

@x1@x2
� 1
2

@2g11

@x2@x2
� 1
2

@2g22

@x1@x1
:

The expression for the sectional curvature K.�/ becomes essentially simpler, too:

K.�/ D �@	
2
12

@x1
C @	211
@x2

:
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Expanding the last expression, using (4.8), we obtain

R1212 D @2g12

@x1@x2
� 1
2

@2g11

@x2@x2
� 1
2

@2g22

@x1@x1
:

Lemma 4.9 is proven. �

For small t the geodesics expx.tv/ remain in the neighborhood V (see Lemma 4.7);
moreover, the spheres expx S.x; 
/, where Sx;� D fv 2 TxM j jvj D 
 < �g D
@Bx;� , are submanifolds in M .

Lemma 4.10. The geodesics expx.tv/ are orthogonal to the spheres expx.Sx;� /.

Proof. Let v.s/ be an arbitrary smooth curve on the sphere Sx;�=2. It suffices to prove
that for the surface f .s; t/ D expx.tv.s// the vector fields ft D @f

@t
and fs D @f

@s
are

orthogonal everywhere.
First of all show that

D

@t
.fs; ft / D 0:

Since the connection is compatible with the metric, we have

D

@t
.fs; ft / D

�
D

@t
fs; ft

�
C
�
fs;

D

@t
ft

�
:

It follows from the symmetry of the connection that the following identity holds for
every immersed surface f .s; t/, which fact is verified by decomposition in the basis:

D

@t
fs D D

@s
ft :

Since the curves f .s; t/ for fixed s are geodesics, we obtain

Dft

@t
D 0;

and finally

D

@t
.fs; ft / D

�
D

@s
ft ; ft

�
D 1

2

D

@s
.ft ; ft / D 1

2

d

ds
jv.s/j2 D 0:

But fs D 0 at t D 0 and consequently .fs; ft / D 0 at t D 0 and hence everywhere.
Lemma 4.10 is proven. �

This lemma is a particular case of the following more general assertion: suppose
that† is a hypersurface inM and f .s; t/ is a family of geodesics parameterized by the
points s 2 † and t ; moreover, f .s; 0/ 2 † and the vector @f .s;0/

@t
is orthogonal to †
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(i.e., orthogonal to the tangent space of†). Then these geodesics are orthogonal to the
surfaces †t D ff .s; t/ j s 2 †g for all t .

Coordinates x1; : : : ; xn in a domainW are called semigeodesic if the metric tensor
satisfies the conditions gin D 0 for i D 1; : : : ; .n � 1/ and gnn D 1:

gijdx
idxj D

X
1�i;j�n�1

gijdx
idxj C .dxn/2 : (4.17)

Lemma 4.11. If x1; : : : ; xn are semigeodesic coordinates, then for every vector � 2
Rn�1 the curve .x1; : : : ; xn�1/ D � is a geodesic with the arc length parameter t D xn.
Proof. From the formulas for the Christoffel symbols we obtain

	 inn D
1

2
gij
�
2
@gjn

@xn
� @gnn
@xj

�
D 0

since all values gin D 0 are constant. Similarly, we find that

	nij D �
1

2

@gij

@xn
:

The geodesic equations take the form

Rxi C
X

1�j;k�n�1
	 ijk Pxj Pxk C 2

X
1�j�n�1

	 ijn Pxi Pxn C 	 inn Pxn Pxn

D Rxi C
X

1�j;k�n�1
	 ijk Pxj Pxk C 2

X
1�j�n�1

	 ijn Pxi Pxn D 0

for i D 1; : : : ; n. Obviously, every curve with Px1 D � � � D Pxn�1 D 0 satisfies these
equations for i D 1; : : : ; n � 1. In this case the last equation for i D n takes the form

Rxn D 0
and determines the arc length parameter t D xn on the curve .x1; : : : ; xn�1/ D � . The
lemma is proven. �

Lemma 4.12. Let x 2 M and let V be the neighborhood of Lemma 4.7. Then the
following holds.

(1) In the deleted ball expx.Bx;�/ n x there are semigeodesic coordinates.
(2) Let �y be the unique geodesic of length � � lying in V and joining the points

x; y 2 V . For every piecewise smooth curve ! W Œ0; T � ! M joining x and y and
lying in V the length of ! is not less than the length of �y and is equal to the former
only if the curves ! and �y coincide.
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Proof. Take x1, : : : , xn�1 to be the coordinates on the sphere Sx;1 and let xn be an
arc length parameter on the geodesic starting at x. By construction, these coordinates
have the form (4.17) and therefore are semigeodesic.4

The proof of assertion (2) is similar to that of Theorem 2.11. Write down P! in the
semigeodesic coordinates and put w1 D . P!1; : : : , P!n�1; 0/ and w2 D .0; : : : ; 0; P!n/.
Let yn be the nth coordinate of the point y. Then

L.�y/ D yn;
Z T

0

w2 dt D yn;

L.!/ D
Z p

.w1; w1/C .w2; w2/ dt 	
Z p

.w2; w2/ dt 	 yn

and, obviously, the lengths of ! attain their minimum in the case w1 D 0 and w2 D
const. In this case it equals yn and the curve coincides with �y .

Lemma 4.12 is proven. �

Theorem 4.2. If a curve ! W Œ0; T �!M parameterized by the arc length is not longer
than any other curve from !.0/ to !.T /, then the curve is a geodesic.

The proof of Theorem 4.2 is simple: for every point x D !.t/ a small neighborhood
of the curve lies in a domain V (see Lemmas 4.7 and 4.12) and has a length less than �.
By Lemma 4.12, this segment is a geodesic. Consequently the whole curve ! is a
geodesic.

In the case of the Euclidean space the geodesics are line segments. Theorem 4.2
claims that for a general Riemannian manifold the geodesics are the natural analog of
straight lines as the shortest curves.

4For surfaces we gave another derivation of existence of semigeodesic coordinates (Lemma 2.10).
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The Lobachevskii plane and the Minkowski space

5.1 The Lobachevskii plane

Let R2 be the two-dimensional Euclidean plane with coordinates x and y (in tensor
notation we assume that x is the first coordinate and y is the second).

Consider the upper half-plane H D f.x; y/ j y > 0g and define on it another
metric

g11 D g22 D 1

y2
; g12 D 0;

or, which is more convenient in the theory of surfaces,

dx2 C dy2
y2

: (5.1)

Using (4.8), we can easily find that

	211 D
1

y
; 	112 D 	121 D 	222 D �

1

y

and the other Christoffel symbols are zero.
The geodesic equations take the form

Rx � 2
y
Px Py D 0; Ry C 1

y
. Px2 � Py2/ D 0:

We know that the length of a velocity vector is preserved (it follows from the definition

of a geodesic that D. P�; P�/
@t
D 2�D P�

@t
; P�� D 0); therefore, the value

I1 D Px
2 C Py2
y2

(the square of this length) is a first integral. Another first integral, as we can verify, is

I2 D x C PyPx y:

Problem 5.1. Suppose that � is a geodesic and its velocity vector v.t/ D P�.t/ at the
point �.t/ is not vertical. Draw the straight line l.t/ through the point �.t/ .in the
Euclidean metric on R2/which is orthogonal to the vector v.t/. Then the x-coordinate
of the intersection point of l.t/ and the Ox-axis is equal to I2.
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Theorem 5.1. The geodesics of the Lobachevskii plane (in terms of the Euclidean
metric on R2) are

(1) rays orthogonal to the Ox-axis;
(2) half-circles lying in the upper half-plane and crossing the Ox-axis at the an-

gle �=2.

Problem 5.2. Prove Theorem 5.1.

Figure 5.1. Geodesics on the Lobachevskii plane.

From Theorem 5.1 we obtain

Lemma 5.1. Arbitrary pairs of points of H are joined by a unique geodesic.

The Lobachevskii plane possesses the following fundamental property:

Theorem5.2. The sectional curvature of the spaceH is constant and equal toK D �1.
Problem 5.3. Prove Theorem 5.2.

It is essential that we introduce an abstract Riemannian metric on the upper half-
plane, since, by the Hilbert theorem, there is no immersion of the upper half-plane
into R3 such that the induced metric would be (5.1).

The group PSL.2;R/ D SL.2;R/=Z2 acts on H . The group SL.2;R/ consists of
all real .2 � 2/-matrices �

a b

c d

�
with determinant 1:

ad � bc D 1: (5.2)

It contains the subgroup Z2 constituted by the matrices�
1 0

0 1

�
and

��1 0

0 �1
�
;
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and this subgroup is normal. The quotient group SL.2;R/=Z2 is denoted by PSL.2;R/.
Its action on H has the form

z D x C iy ! A.z/ D az C b
cz C d ; A 2 PSL.2;R/: (5.3)

Indeed, the following assertions can be verified straightforwardly:

Problem 5.4. Show that

(1) if Im z > 0 then Im azCb
czCd > 0;

(2) A2.A1.z// D .A2 � A1/.z/;
(3) the matrix �

d �b
�c a

�
determines the transformation inverse to (5.3);

(4) the subgroup 	 generated by the matrices�
cos' � sin '
sin ' cos'

�

consists precisely of those elements which leave the point .0; 1/ fixed.

Choose the following parameterization of the group SL.2;R/. Since a2C c2 ¤ 0,
we can assume that

a D r cos'; c D r sin ':

Then condition (5.2) takes the form r cos' �d � r sin ' �b D 1 and its general solution
depending on one parameter s 2 R has the form

b D �r�1 sin ' C s cos'; d D r�1 cos' C s sin ':

The parameters r , s, and ' determine uniquely the elements of SL.2;R/:�
r cos' �1

r
sin ' C s cos'

r sin ' 1
r

cos' C s sin '

�
;

where r > 0, s 2 R, and the parameter ' is defined modulo 2� .

Problem 5.5. If we consider a, b, c, and d as real coordinates in the space R4 identified
with the space of real .2 � 2/-matrices, then equation .5.2/ determines a smooth sub-
manifold SL.2;R/ � R4 and the parameters r , s, and ' constructed above are smooth
coordinates.
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Note that in §1.4 we proved a similar assertion for the groups O.n/.
Find the transformations in PSL.2;R/which take a point z D �C i� to the point i .

The corresponding matrices in SL.2;R/ are selected by the conditions

� D �ab C cd
a2 C c2 ; � D 1

a2 C c2
and, using the above parameterization, we find that these are precisely the matrices
with

r D 1p
�
; s D � �p

�
: (5.4)

Lemma 5.2. Every point of H can be transformed to the point .0; 1/ and hence to any
other point of H by a transformation of PSL.2;R/. The space H is naturally identified
with the space PSL.2;R/=	 of left conjugacy classes PSL.2;R/ by the subgroup 	 .

Proof. By (5.4), for every point z D � C i� 2 H , we construct a transformation
A 2 PSL.2;R/ such that A.z/ D i . Let z1; z2 2 H and A1.z1/ D A2.z2/ D i . Then
A�1
2 A1.z1/ D z2.

Suppose that B1.i/ D B2.i/. Then B�1
2 B1.i/ D i and hence B�1

2 B1 2 	 .
Obviously, if B�1

2 B1 2 	 then B1.i/ D B2.i/. The condition B�1
2 B1 2 	 is equiv-

alent to the fact that B2	 D B1	; i.e., these left conjugacy classes coincide. Since
PSL.2;R/.i/ D H , it follows that H D PSL.2;R/=	 .

Lemma 5.2 is proven. �

Assume that an action of a group G on a manifold M is given; i.e., a map

G �M !M (5.5)

of the form .g; x/! g.x/ such that g1.g2.x// D .g1 �g2/.x/ for arbitrary g1; g2 2 G
and e.x/ D x, where e is the identity of the group G.

Also suppose that

(1) the group G is a smooth manifold (see Chapter 7);
(2) the map (5.5) is smooth;
(3) for every pair x1; x2 2 M , there is at least one element g 2 G such that

g.x1/ D x2.

If the action satisfies condition (3), then it is called transitive.
If these conditions are satisfied, then M is called the homogeneous space of the

groupG and is identified with the spaceG=	x of left conjugacy classes of the groupG
by the stationary subgroup of an arbitrary point x (	x D fg 2 G j g.x/ D xg).

Under some natural additional conditions,1 the homogeneous space carries the
canonical structure of a smooth manifold (see, e.g., [4]).

Now, we can restate Lemma 5.2 as follows:
1For example, ifG is a compact Lie group andH D �x is a closed subgroup inG (see Chapter 7).
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• H is the homogeneous space of the group PSL.2;R/.

In Riemannian geometry we are interested in the case when the group G acts by
isometries. A map f W M !M is called an isometry if it preserves the length of every
smooth curve � : L.f .�// D L.�/. Obviously, this is equivalent to the fact that the
map f� W TM ! TM preserves the lengths of all vectors.

Lemma 5.3. The group PSL.2;R/ acts on H by isometries.

Proof. Write the metric (5.1) in the form

dz d Nz
.Im z/2

:

A transformation A preserves the lengths of vectors if and only if

dz d Nz
.Im z/2

D dA.z/ dA.z/

.ImA.z//2
: (5.6)

Indeed, every vector v 2 TzM is written in the formw@C Nw N@, where @ D 1
2
.@x� i@y/.

The map A� acts on tangent vectors as follows:

A�.@/ D @A.z/

@z
@; A�.N@/ D @A.z/

@ Nz
N@;

jA�.v/j2 D @A.z/

@z

@A.z/

@ Nz
w Nw

.ImA.z//2
and jvj2 D w Nw

.Im z/2
I

i.e., condition (5.6) is proven.
It is immediately verified that

ImA.z/ D Im z

jcz C d j2 ;
@A.z/

@z
D 1

.cz C d/2 :

Inserting these expressions into the right-hand side of (5.6), we establish that every
A 2 PSL.2;R/ preserves the lengths of vectors.

Lemma 5.3 is proven. �

Theorem 5.3. The group PSL.2;R/ consists of all isometric transformations of H

preserving the orientation.

Proof. Every isometry takes geodesics to geodesics. Let T be an isometry of the
space H which preserves the orientation and is such that B.i/ D z.

Take a map A 2 PSL.2;R/ such that A.i/ D z. Then BA�1 is an isometry which
leaves the point i fixed. By Lemma 5.1, each point of H is joined with the point i by
a unique geodesic. Therefore, since an isometry takes geodesics to geodesics, the map
BA�1 is determined completely by the generated rotation TiH ! TiH of the tangent
space at the point i and each such rotation determines uniquely the isometry. But all
these isometries belong to the group	 and therebyBA�1 2 	 . Hence,B 2 PSL.2;R/.
Theorem 5.3 is proven. �
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The Lobachevskii plane appears in many fields of mathematics. We will only point
out one of the most important properties of the Lobachevskii plane, namely it is a model
for non-Euclidean geometry.

The “Euclid’s fifth postulate” claims:

• Let l be a straight line on the plane and let x be a point on the plane not belonging
to l . Then there is a unique straight line parallel to the straight line l passing
through x.

The attempts to derive this axiom from the other postulates of the Euclidean ge-
ometry failed and finally led to development of non-Euclidean geometries. Namely, in
1825 Lobachevskii introduced the geometry with Lobachevskii’s postulate:

• Let l be a straight line on the plane and let x be a point on the plane not belonging
to l . Then there are infinitely many straight lines parallel to l passing through x.

Starting with this assertion, Lobachevskii proved that there should be infinitely
many such straight lines and that the sum of the angles of a triangle in such geometry
must be less than � . Later, Bolyai independently arrived at the same conclusions.

The Lobachevskii plane is a model for such geometry.
Indeed, considering the geodesics as straight lines and assuming that straight lines

are parallel if they do not intersect, we conclude that on the space H homeomorphic
to the two-dimensional plane we implement the geometry which satisfies all Euclid’s
postulates except the fifth one. It follows from Theorem 5.1 that Lobachevskii’s pos-
tulate holds in this geometry. Moreover, theOx-axis is a “straight line at infinity”: the
length of every curve approaching this axis is infinite: this follows from the fact the
integral

R
dy
y

diverges as the lower limit tends to zero.
It is easy to verify that the sums of the angles of geodesic triangles are less than � .

However, this follows from the Gauss–Bonnet formula whose proof given in §2.8 is
translated without changes to arbitrary two-dimensional Riemannian manifolds.

˛1

˛2

˛3

˛1 C ˛2 C ˛3 < �

Figure 5.2. A geodesic triangle on the Lobachevskii plane.

The Lobachevskii space (or the hyperbolic space) Hn of dimension n 	 2 is the
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upper half-plane xn 	 0 in Rn with the Riemannian metric

ds2 D dx21 C � � � C dx2n
x2n

and coordinates x1; : : : ; xn. For n D 2 we obtain the Lobachevskii plane. It is easy to
figure out that the sectional curvature of the space Hn is constant and equals�1. Every
space of constant sectional curvatureK D �1 is locally isometric to the Lobachevskii
space of the same dimension and is the homogeneous space of the Lobachevskii space
of the same dimension under the discrete action of some group.

5.2 Pseudo-Euclidean spaces and their applications in physics

Let R1;n be the pseudo-Euclidean space with coordinates x0, x1, : : : , xn and the metric

.dx0/2 � .dx1/2 � � � � � .dxn/2: (5.7)

In the tangent space at each point we have the indefinite inner product

.v; w/1;n D v0w0 � v1w1 � � � � � vnwn:
The linear transformations which preserve this inner product constitute the group
O.1; n/. The groups O.1; n/ generalize the groups O.n/ and their elements are given
by ..nC 1/ � .nC 1//-matrices A satisfying the conditions

A> �
�
1 0

0 �1n

�
� A D

�
1 0

0 �1n

�
; (5.8)

where 1n is the identity .n � n/-matrix (the proof of this fact is similar to that of
Lemma 1.4).

Problem 5.6. Prove that equations .5.8/ determine a smooth manifold of dimension
n.nC1/
2

in the space of .nC 1/ � .nC 1/-matrices (Hint: see the proof of the similar
fact for the groups O.n/ in §1.4).

The space R1;3 arises in physics as the “space of events” in special relativity, the
spacetime (also called the Minkowski space). Therewith the metric

.dx0/2 � .dx1/2 � .dx2/2 � .dx3/2

is called the Minkowski metric. The coordinates x1, x2, and x3 are the spatial coordi-
nates and x0 D ct is the time coordinate (here c is the speed of light and t is time).
Therefore, if .v; v/1;3 < 0 then a vector v is called space-like; a vector v is called
time-like if .v; v/1;3 > 0; and if .v; v/1;3 D 0, then v is called light-like. The last
definition is grounded on the following physical base:
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• the speed of light is constant and equal to c in every inertial coordinate system.

Therefore, if x.t/ is a curve in R1;3 along which a light ray propagates, then

c2 �
�
dx1

dt

�2
�
�
dx2

dt

�2
�
�
dx3

dt

�2
D 0:

The group O.n/ has two connected components constituted by orientation-preser-
ving transformations and transformations which change the orientation (i.e., those with
detA D 1 and detA D �1). The group O.1; n/ has four components: each family
of transformations preserving or changing the orientation splits also into two compo-
nents depending on whether the transformation changes the “time direction” or not:
.e0; A.e0//1;3 < 0 or .e0; A.e0//1;3 > 0, where e0 is the basis vector corresponding
to the coordinate x0.

Problem 5.7. Show that the group O.1; 1/ consists of the transformations given by the
matrices �

" 0

0 ı

��
cosh ' sinh '
sinh ' cosh '

�
; ' 2 R;

where "; ı D ˙1, cosh ' D .e' C e�'/=2 and sinh ' D .e' � e�'/=2. For " > 0 the
transformation preserves the time direction and for " < 0, changes. For "ı D 1 the
transformation preserves the orientation, and for "ı D �1, changes.

Consider the following problem. Assume that we have two frames: K with coor-
dinates ct , x1, x2, and x3 and zK with coordinates c Qt , Qx1, Qx2, and Qx3. Suppose that for
t D Qt D 0 they coincide and the frame zK moves along the Ox1-axis with a constant
velocity v with respect to the frame K (the frame zK is inertial). Find formulas for
transition from one frame to the other.

x1

x2

x3

Qx1

Qx2

Qx3

K

QK
v

Figure 5.3. A frame QK moving uniformly along the Ox-axis.

In Galilean mechanics, time is universal and the transition formulas have the fol-
lowing simple form (Galilean transformations)

t D Qt ; x1 D Qx1 C vt; x2 D Qx2; x3 D Qx3:
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In special relativity, we postulate that the distance (in metric (5.7)) between events,
i.e., points of the spacetime, is preserved under the passage to another inertial frame.
It follows that such a passage is given by an element of the Poincaré group, the group
of all motions of R1;3. This group is generated by translations and elements of O.1; 3/.

Since the origins coincide for t D Qt , the passage from K to zK is given by a
transformation of O.1; 3/. Decreasing continuously the velocity v to zero, we obtain the
identity transformation; hence the sought transformation preserves also the orientation
and the time direction (belongs to the same component as the identity transformation).
Since this transformation relates only to the coordinates t , x1 and Qt , Qx1, it has the form

ct D c Qt cosh ' C Qx1 sinh '; x1 D c Qt sinh ' C Qx1 cosh '; x2 D Qx2; x3 D Qx3:
For Qx1 D 0,

ct D c Qt cosh '; x1 D c Qt sinh '

and, eventually, we obtain
x1

ct
D tanh ':

But the point Qx1 D Qx2 D Qx3 D 0moves along theOx1-axis with the constant velocity
v and hence

x1

ct
D v

c
D tanh ':

Since

cosh ' D 1p
1 � tanh2 '

; sinh ' D tanh 'p
1 � tanh2 '

;

we obtain the final form of the Lorentz transformations:

t D 1q
1 � v2

c2

�
Qt C Qx1 v

c2

�
; x D 1q

1 � v2

c2

. Qx1 C v Qt /:

If v is very small as compared with the speed of light,

1q
1 � v2

c2

� 1;

then the Galilean transformations give a rather nice approximation to the Lorentz trans-
formations.

Indicate some obvious consequence of the obtained formulas known from popular
exposition of special relativity.

The rest length of an object is the length in a frame in which it is at rest. Suppose
that a rod has a rest length
l being at rest in a frameK and its ends have coordinates
x1 D a; b, where b � a D 
l . In has a different length in the frame zK: it follows
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that, according to the Lorentz transformations, at each fixed time Qt the difference of
the Qx1-coordinates of its ends is equal to


 Ql D
r
1 � v

2

c2
�
l I

i.e.,

• the rod contracts in the direction of motion of the frame zK.

Another “paradox” is the time dilation.
Suppose that a clock rests in a frame zK. The time difference between two events

at the same points of the space ( Qx1, Qx2, and Qx3 are fixed) in this frame is equal to 
Qt ,
while the time difference between these events in the frame K is equal to


t D 
Qtq
1 � v2

c2

I

i.e.,

• time in a moving frame delays.

General relativity, created in Einstein’s works, required already the whole machin-
ery of Riemannian geometry and essentially stimulated its development. According
to this theory, a gravitational field is a pseudo-Riemannian metric gij on the four-
dimensional space M 4. The metric has signature .1; 3/, i.e., at each point (but not in
the whole domain in general) there is a change of coordinates which reduces it to the
Minkowski metric

gijdx
idxj D .dx0/2 �

3X
iD1
.dxi /2:

The space M 4 is the space of events and can differ topologically from R4. The metric
itself must satisfy some nonlinear equations called the Einstein equations. They claim
that in vacuum (in the absence of other fields) the Ricci tensor of the gravitational field
is zero,

Rik D 0:
If other fields are given (for example, electromagnetic) then the Einstein equations take
the form

Rik � 1
2
Rgik D Tik;

where R D gikRik is the scalar curvature of the metric gik and Tik is the so-called
energy-stress tensor of these fields. This equation describes the interaction of the
gravitational field with the other fields, while the behavior of the other fields themselves
is described by special equations (for example, by the Maxwell equations in the case
of an electromagnetic field).
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Problem 5.8. Suppose that R4 D R � R3, t is a coordinate in R, and r , � , and ' are
the spherical coordinates in R3 .see §2.7/. Show that the metric2

dl2 D
�
1 � rg

r

�
c2dt2 � dr2

1 � rg
r

� r2.d�2 C sin2 �d'2/; rg D const > 0;

satisfies the Einstein vacuum field equations Rik D 0.

2This metric is called the Schwarzschild metric and describes stationary black holes.
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6

Minimal surfaces and complex analysis

6.1 Conformal parameterization of surfaces

Let M and zM be Riemannian manifolds with respective metrics gjk and Qgjk . A
smooth map f W M ! zM is conformal if it preserves the angles between tangent
vectors. Formally, this is written as follows:

Qglm.f .x//@f
l.x/

@xj
@f m.x/

@xk
dxjdxk D �.x/gjk.x/dxjdxk;

where �.x/ is a function on the manifoldM , f .x/ D .f 1.x/; : : : ; f q.x//, x1; : : : , xp
are local coordinates on the manifold M , p D dimM , and q D dim zM . It is obvious
that p � q.

Riemannian manifolds are conformally equivalent if the map f is a diffeomor-
phism.

A Riemannian manifold of dimension n is conformally Euclidean if a neighborhood
of each point is conformally equivalent to a domain of the n-dimensional Euclidean
space. In this case the linear coordinates x1; : : : ; xn in the Euclidean space determine
coordinates on the manifold in which the metric takes the form gjk D �.x/ıjk (such
coordinates are called conformally Euclidean coordinates).

Theorem 6.1. Each two-dimensional Riemannian manifold is conformally Euclidean.

This theorem cannot be generalized to manifolds of greater dimension. We begin
the proof of the theorem with the following lemma:

Lemma 6.1. Let u and v be local coordinates in a neighborhood of a point p on a
surface † and let Edu2 C 2Fdudv C Gdv2 be a metric on †. Suppose that, in a
neighborhood of p, there exist conformally Euclidean coordinates x and y. Then they
satisfy the following two equivalent systems of equations:

@x

@u
D 1p

EG � F 2
�
@y

@v
E � @y

@u
F

�
;

@x

@v
D 1p

EG � F 2
�
@y

@v
F � @y

@u
G

�
;

(6.1)

@y

@u
D 1p

EG � F 2
�
�@x
@v
E C @x

@u
F

�
;

@y

@v
D 1p

EG � F 2
�
�@x
@v
F C @x

@u
G

�
:

(6.2)
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Proof of Lemma 6.1. Rewrite the equality

�.dx2 C dy2/ D Edu2 C 2Fdudv CGdv2

as

�

��
@x

@u
duC @x

@v
dv

�2
C
�
@y

@u
duC @y

@v
dv

�2�
D Edu2 C 2Fdudv CGdv2:

It is equivalent to the system of equations�
@x

@u

�2
C
�
@y

@u

�2
D ��1E;

@x

@u

@x

@v
C @y

@u

@y

@v
D ��1F;�

@x

@v

�2
C
�
@y

@v

�2
D ��1G;

which is written in the form of two systems of linear equations

A

 
@x
@u
@y
@u

!
D ��1

�
E

F

�
; A

 
@x
@v
@y
@v

!
D ��1

�
F

G

�
; (6.3)

where

A D
 
@x
@u

@y
@u

@x
@v

@y
@v

!
:

The area element is the 2-form

p
EG � F 2du ^ dv D �dx ^ dy D �

�
@x

@u

@y

@v
� @x
@v

@y

@u

�
du ^ dv:

Hence,
� detA D

p
EG � F 2:

Therefore,

A�1 D �p
EG � F 2

 
@y
@v
� @y
@u

� @x
@v

@x
@u

!

and, solving formally systems (6.3), we obtain (6.1) and (6.2).
Solving (6.1) for @y

@u
and @y

@v
, we obtain (6.2). Similarly, solving (6.2) for @x

@u
and @x

@v
,

we obtain (6.1). Consequently, these systems are equivalent. Lemma 6.1 is proven.
�
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To draw the analogy to the multidimensional case, denote u D w1, v D w2,
g11 D E, g12 D F , and g22 D G. Introduce the following differential operator acting
on functions on a Riemannian manifold:


' D 1p
g

@

@wj

�p
ggjk

@'

@wk

�
;

where g D det gjk . It is called the Laplace–Beltrami operator. For the Euclidean
metric it coincides with the usual Laplace operator


 D
X
j

@2

.@wj /2
: (6.4)

This operator depends on the Riemannian metric on the manifold and is independent
of the choice of coordinates. The latter is established as follows. Let p be an arbitrary
point on the manifold and let U be its neighborhood with coordinates x1; : : : ; xn.
Consider all possible smooth functions on the manifold vanishing outside U . Define
the inner product of their gradients by

.grad '; grad / D
Z
U

gjk
@'

@xj
@ 

@xk
d�;

where d� D pgdx1 ^ � � � ^ dxn. It is obvious that the value of the integral is
independent of the choice of coordinates, since such is the integrand. Integrating by
parts, we obtain

.grad '; grad / D �
Z
U


' �  d�:
Since the function  is arbitrary, the value 
' is independent of the choice of coordi-
nates everywhere.

Lemma 6.2. Ifx andy are twice continuously differentiable functions satisfying system
(6.1) (or the equivalent system (6.2)) then


x D 
y D 0: (6.5)

The equation 
' D 0 is called the Beltrami equation and its solutions are called
harmonic functions on the Riemannian manifold. In the case of the Euclidean space
we obtain the usual Laplace equation and harmonic functions.

Proof of Lemma 6.2. Since the function x.u; v/ is twice continuously differentiable,
we have

@2x

@u @v
D @2x

@v @u

or, by (6.1),

@

@u

�
1p

EG � F 2
�
@y

@v
F � @y

@u
G

��
� @

@v

�
1p

EG � F 2
�
@y

@v
E � @y

@u
F

��
D 0:
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It is easy to verify by straightforward calculations that the latter equation has the form

y D 0. Similarly, we prove that 
x D 0. Lemma 6.2 is proven. �

We give the following lemma without a proof, which can be obtained in the frame-
work of the theory of elliptic partial differential equations.

Lemma 6.3. If, in a neighborhood of a point p, the coefficients E, F , and G of the
metric tensor are n times continuously differentiable with respect to u and v (i.e.,
belong to the class C n), where n 	 2, then in some sufficiently small neighborhood
of p, there exist

(1) a solution x.u; v/ of class C n to equation (6.5) such that�
@x

@u

�2
C
�
@x

@v

�2
¤ 0

in this neighborhood;
(2) a solution y.u; v/ of class C n to equation (6.2).

For the Euclidean metric this assertion is obvious. For the proof it suffices to
constructx.u; v/ and theny.u; v/ is found from first-order linear differential equations.

Lemma 6.4. If x.u; v/ and y.u; v/ satisfy equations (6.1) and (6.2), then the Jacobian
of the map .u; v/! .x; y/ is equal to

@x

@u

@y

@v
� @x
@v

@y

@u
D 1p

EG � F 2 .V; V /;

where V D � @x
@v
;� @x

@u

�
and the inner product is taken with respect to the metric on the

surface.

The proof of Lemma 6.4 is obtained by straightforward substitution:

@x

@u

@y

@v
� @x
@v

@y

@u

D @x

@u
� 1p

EG � F 2
�
�@x
@v
F C @x

@u
G

�
� @x
@v
� 1p

EG � F 2
�
�@x
@v
E C @x

@u
F

�

D 1p
EG � F 2

�
G

�
@x

@u

�2
� 2F @x

@u

@x

@v
CE

�
@x

@v

�2�

D 1p
EG � F 2 .V; V /:

Lemma 6.4 is proven.
Now, the proof of Theorem 6.1 is plain: using Lemma 6.3, findC n-smooth solutions

x.u; v/ and y.u; v/ to equations (6.1) and (6.2). By the choice of the solution x.u; v/,
the vector V is nowhere zero in a neighborhood U of the point p 2 †. Therefore, by
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Lemma 6.4, the Jacobian of the map .u; v/! .x; y/ is nowhere zero in U . Moreover,
by the inverse function theorem, we can choose the neighborhood U so small that the
map is invertible in it: the functions x andy determine new local coordinates. It follows
from (6.1) and (6.2) that in these coordinates the metric takes the form �.dx2C dy2/;
i.e., the map .u; v/ 2 U ! .x; y/ determines a conformal equivalence.

Theorem 6.1 is proven.

Having conformally Euclidean coordinates x and y on a surface, we construct the
complex-valued conformal parameter

z D x C iy
whose usage connects the theory of surfaces and complex analysis.

6.2 The theory of surfaces in terms of the conformal parameter

Let r W U ! R3 be a regular surface in the three-dimensional Euclidean space. By
Theorem 6.1, in a neighborhood of every point of the surface we can choose the
conformal parameter z D xC iy. For simplicity, assume that the parameter z is given
in a domain U � C.

The conformality condition means that the first fundamental form has the shape

I D �.z; Nz/.dx2 C dy2/ D �.z; Nz/dzd Nz:
Since

I D .rz; rz/dz2 C .r Nz; r Nz/d Nz2 C 2.rz; r Nz/dzd Nz;
the condition for conformality of the parameter z is equivalent to the equations

.rz; rz/ D .r Nz; r Nz/ D 0; .rz; r Nz/ D �.z; Nz/
2

; (6.6)

where the subscripts z and Nz denote the derivatives with respect to the corresponding
variables and . � ; � / is the usual inner product in R3 extended by linearity to C3:

.V;W / D
3X

jD1
V jW j ; V;W 2 C3:

Since the surface is regular, at each point, the vectors rz , r Nz , and n, where n is
the normal to the surface, constitute a basis for C3. Indeed, it follows from regularity
that rx , ry , and n constitute a basis for R3; moreover, rz D .rx � iry/=2 and r Nz D
.rx C iry/=2; i.e., rz and r Nz are expressed linearly in terms of rx and ry over the field
of complex numbers.
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Write down the derivational equations (see §2.4) in terms of the conformal pa-
rameter. These equations define the deformation of the frame rz; r Nz;n and have the
form

@

@z

0
@rz

r Nz
n

1
A D U

0
@rz

r Nz
n

1
A ; @

@ Nz

0
@rz

r Nz
n

1
A D V

0
@rz

r Nz
n

1
A :

Find the matrices U and V . First of all introduce two additional functions which play
the role of the Christoffel symbols:

A D .rzz;n/; B D .rz Nz;n/:

Note that the function A is complex and the function B is real.

Lemma 6.5. The matrices U and V have the form

U D
0
@ .ln �/z 0 A

0 0 B

�2B=� �2A=� 0

1
A ;

V D
0
@ 0 0 B

0 .ln �/ Nz NA
�2 NA=� �2B=� 0

1
A :

Proof. We will only find the form of the matrix U , since the derivation for the other
matrix is similar.

By definition, rzz D U11rz C U12r Nz C U13n. Note that

U13 D .rzz;n/ D A
and from (6.6) we obtain the following equalities:

U12
�

2
D .rzz; rz/ D 1

2

@

@z
hrz; rz/ D 0;

U11
�

2
D .rzz; r Nz/ D @

@z
.rz; r Nz/ � .rz; rz Nz/ D 1

2

@�

@z
� 1
2

@

@ Nz .rz; rz/ D
1

2

@�

@z
;

which imply U11 D .ln �/z and U12 D 0.
Similarly, rz Nz D U21rz C U22r Nz C U23n,

U23 D .rz Nz;n/ D B;
and it follows from (6.6) that

U21
�

2
D .rz Nz; r Nz/ D 1

2

@

@z
.r Nz; r Nz/ D 0;

U22
�

2
D .rz Nz; rz/ D 1

2

@

@ Nz .rz; rz/ D 0:
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Consequently, U21 D U22 D 0.
By definition, we have nz D U31rz C U32r Nz C U33n. Since .n;n/ � 1, we have

U33 D .nz;n/ D 1

2

@

@z
.n;n/ D 0:

Since, by definition, .n; rz/ D .n; r Nz/ D 0; therefore,

U31
�

2
D .nz; r Nz/ D @

@z
.n; r Nz/ � .n; rz Nz/ D �B;

U32
�

2
D .nz; rz/ D @

@z
.n; rz/ � .n; rzz/ D �A;

which implies U31 D �2B=� and U32 D �2A=�.
Lemma 6.5 is proven. �

Recall that the second fundamental form is equal to

II D .rxx;n/dx2 C 2.rxy ;n/dxdy C .ryy ;n/dy2I
the roots of the equation

F.k/ D det

�
.rxx;n/ � �k .rxy ;n/

.rxy ;n/ .ryy ;n/ � �k
�
D 0

are the principal curvatures k1 and k2; their product is called the Gaussian curvature
K D k1k2, and the half-sum is called the mean curvature H D .k1 C k2/=2.

Making straightforward calculations, we obtain

Lemma 6.6.

II D .2B C .AC NA//dx2 C 2i.A � NA/dxdy C .2B � .AC NA//dy2;

H D 2B

�
; K D 4.B2 � A NA/

�2
:

The Gauss–Codazzi equations represent the compatibility condition for the system
of derivational equations:

U Nz � Vz C ŒU ;V � D 0:
Making straightforward calculations, we obtain

Lemma 6.7. The Gauss–Codazzi equations take the form

.ln �/z Nz C 2

�
.B2 � A NA/ D 0; (6.7)

A Nz � Bz C .ln �/zB D 0: (6.8)
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By the formula for the Gaussian curvature of Lemma 6.6, the first of these equations
is

K D �2.ln �/z Nz

(the Gauss theorem). The second equation splits into two equations, since it claims that
the real and imaginary parts of its left-hand side, which is complex-valued in general,
are zero. Using Lemma 6.6, we can rewrite them in the form

A Nz D �

2
Hz :

The form� D Adz2 (which is not antisymmetric) is called the Hopf differential. It
is a quadratic differential. This means that if another conformal parameter w is given
on the surface, then the Hopf differential in terms of this new parameter has the form
� D zAdw2, where

QA D .rww ;n/ D
�
@z

@w

�2
.rzz;n/ D

�
@z

@w

�2
A:

It possesses a series of remarkable properties whose proofs are left as an exercise (they
follow from Lemma 6.7):

Lemma 6.8. (1) The Hopf differential at p 2 † is zero if and only if p is an umbilic
point .i.e., the principal curvatures at this point coincide: k1 D k2/.

(2) The Hopf differential is holomorphic (i.e., A Nz D 0) on a surface if and only if
the surface has constant mean curvature (H � const).

Now, the Bonnet theorem which claims that every surface is determined by the first
and the second fundamental forms (Theorem 2.6) takes the following form:

• a surface is determined uniquely (up to motions of R3) by the metric �dzd Nz, the
mean curvatureH D 2B=�, and the Hopf differential Adz2, provided that they
satisfy equations (6.7) and (6.8);

• every collection f�dzd Nz;H;Adz2g satisfying equations (6.7) and (6.8) deter-
mines a surface.

Note that there exist surfaces which can be smoothly deformed with the metric
and the mean curvature preserved, and these deformations do not reduce to motions of
surfaces in the Euclidean space.

Observe (without proof) that the spaces of holomorphic quadratic differentials on
closed surfaces are finite-dimensional.

Lemma 6.9. If � is a holomorphic quadratic differential on the two-dimensional
sphere S2, then � D 0 everywhere.
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Proof. The two-dimensional sphere is covered by two charts each of which is identified
with the complex plane. The complex coordinates z andw in these charts are connected
by the transition formula

w D 1

z
:

We see that the sphere is obtained from the z-plane by addition of a point at infinity with
the coordinatew D 0. If ˛.z/dz2 and ˇ.w/dw2 are the expressions of the differential
� in these charts, then in the domain z ¤ 0 in which both coordinate systems are
defined, we obtain

ˇ.w/dw2 D ˇ.w.z//
�
dw

dz

�2
dz2 D ˇ.w.z//z�4dz2 D ˛.z/dz2:

Since the value of the function ˇ.w/ at w D 0 is finite, it follows that the holomorphic
function ˛ on the z-plane has the asymptotic expansion

˛.z/ D O
�
1

z4

�
as z !1:

But a holomorphic function decreasing at infinity is equal to zero everywhere.
Lemma 6.9 is proven. �

From this lemma we obtain

Theorem 6.2 (The Hopf theorem). If a sphere immersed in R3 has a constant mean
curvatureH , then it coincides .up to parallel translation/ with the standard sphere of
radius 1=H .

Proof. Assume that the mean curvature is constant: H D const. It follows from
Lemmas 6.8 and 6.9 that A � 0. Lemma 6.5 implies that nz D Hrz which yields

n D Hr C c;

where c is a constant vector. If H D 0, then the normal vector is constant and the
surface cannot be a sphere (it lies completely in the plane orthogonal to this vector). If
H ¤ 0, then we translate the surface by c=H : r ! Qr D r C c=H . For the translated
surface we obtain: .H Qr;H Qr/ D .n;n/ D 1 and eventually . Qr; Qr/ D 1=H 2.

Theorem 6.2 is proven. �

6.3 The Weierstrass representation

From the derivational equations (Lemma 6.5) we find that the following equation holds
for an arbitrary surface:

rz Nz D Bn;
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which together with Lemma 6.6 gives

rz Nz D 1

2
H�n: (6.9)

In terms of the conformal parameter the Laplace–Beltrami operator becomes


 D 4

�

@2

@z@ Nz
and therefore (6.9) takes the form


r D 2Hn: (6.10)

From (6.10) we obtain

Lemma 6.10. A surface is minimal (H D 0) if and only if its coordinate functions
which describe its immersion into R3 are harmonic.

It follows from (6.9) that the complex-valued vector function rz for minimal sur-
faces is holomorphic. By condition (6.6), it also satisfies the equation .rz; rz/ D 0. It
turns out that the formal validity of these conditions for a vector function ' is sufficient
for the equality ' D rz to hold for some conformally parameterized minimal surface.

Lemma 6.11. Let U � C be a simply connected domain and let ' W U ! C3 be a
vector function such that

(1) ' is holomorphic (i.e., each component 'j is holomorphic);
(2) '21 C '22 C '23 D 0;
(3) ' has no zeros: '.U / � C3 n f0g.
Then there is a regular minimal surface r W U ! R3 such that ' D rz and z is the

conformal parameter on it.

Proof. Suppose that 'j D aj C ibj , where aj and bj are real functions. The fact
that 'j is holomorphic means that the Cauchy–Riemann conditions are satisfied:

@

@ Nz .aj C ibj / D
1

2

��
@aj

@x
� @bj
@y

�
C i

�
@aj

@y
C @bj

@x

��
D 0:

In particular, the fact that the imaginary part @'j

@ Nz is zero means that the 1-form !j D
ajdx � bjdy is closed: d!j D 0. Take an arbitrary point z0 2 U and define a smooth
real-valued function

fj .z/ D 2
Z z

z0

!j

on U . Since U is a simply connected domain, by the Stokes theorem, the value of the
integral is independent of the choice of the curve inU joining z0with z. Straightforward
calculations demonstrate that

@fj

@z
D 'j :
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Consequently, the functions f1, f2, and f3 determine a map

r W U ! R3; r D .f1; f2; f3/;
such that rz D '. Since '.U / � C3 n f0g, this map has full rank at each point, i.e., is
an immersion.

It follows from .'; '/ D 0 that z is a conformal parameter on the immersed surface.
Since rz Nz D 0, this surface is minimal by Lemma 6.10.

Lemma 6.11 is proven. �

From the above lemma we obtain the following theorem:

Theorem 6.3 (The Weierstrass theorem). Let U � C be a simply connected domain
and let  1;  2 W U ! C be holomorphic functions such that j 1j2 C j 2j2 is nonzero
everywhere in U . Let .x10 ; x

2
0 ; x

3
0/ 2 R3 and p 2 U be given points.

Then the formulas1

x1.z/ D x10 C
1

2

Z z

z0

.. 21 �  22 /dz C . x 21 � x 22 /d Nz/;

x2.z/ D x20 �
i

2

Z z

z0

.. 21 C  22 /dz � . x 21 C x 22 /d Nz/;

x3.z/ D x30 C
Z z

z0

. 1 2dz C x 1 x 2d Nz/

(6.11)

determine an immersion of the minimal surface into R3. The induced metric has the
form

.j 1j2 C j 2j2/2dzd Nz:
Every minimal surface in R3 in a sufficiently small neighborhood of every point

admits such representation.

Proof. The general solution to the equation

'21 C '22 C '23 D 0
is representable as

'1 D 1

2
. 21 �  22 /; '2 D � i

2
. 21 C  22 /; '3 D  1 2I (6.12)

moreover, to every nonzero solution ' there correspond two pairs . 1;  2/ and
.� 1;� 2/. The vector function ' is holomorphic, since such are  1 and  2. It
follows from here and Lemma 6.11 that formulas (6.11) determine a conformal im-
mersion of U into R3 and the constructed surface is minimal. The form of the induced
metric �dzd Nz is established by elementary calculations: 2.rz; r Nz/ D �.

1Usually, the Weierstrass–Enneper formulas are formulated in terms of f D  2
1 and g D  2= 1.
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It follows from (6.12) that, in a neighborhood of every point of a minimal surface, rz
admits such parameterization and hence the surface is representable in the form (6.11).

Theorem 6.3 is proven. �

Before giving examples of minimal surfaces, we observe the following fact.

Theorem 6.4. In R3 there are no minimal compact surfaces without boundary.

Proof. By the maximum principle, a nonconstant harmonic function f (i.e., such that
fz Nz D 0) defined in some domain of C cannot take its maximal value at an interior
point of the domain. Suppose that † is a minimal compact surface without boundary
immersed into R3. Since it is compact, each coordinate functionxj attains its maximum
on this surface. Suppose, for definiteness, that x1 attains a maximum at a point p. In
a neighborhood of p, there is a conformal parameter z such that x1z Nz D 0 (by Lemma
6.10); i.e., a harmonic function attains its maximum at an interior point († has no
boundary). This implies that x1 is constant on the surface. Repeating this argument
for x2 and x3, we prove that all coordinate functions must be constant. The so-obtained
contradiction proves Theorem 6.4. �

Examples of minimal surfaces. (1) Plane:  1 D 1;  2 D 0.

(2) Catenoid (Figure 6.1):

 1 D
p
ap
2
;  2 D

p
ap
2z
; a 2 R; a > 0:

This is a minimal surface of revolution. Here z 2 C n f0g and the domain of
variation of z (the plane with a deleted point) is not homeomorphic to a disk. However,

Figure 6.1. Catenoid.

in Theorem 3 we imposed this requirement on the domain to guarantee that the integrals
in (6.11) are determined uniquely. In the case of the catenoid these integrals are
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determined uniquely and the catenoid is an embedded (i.e., without self-intersections)
minimal cylinder. We already pointed out this surface in Problem 2.14.

The explicit formulas for the catenoid are

x1 D a cosh u cos v; x2 D a cosh u sin v; x3 D au;
where z D euCiv . From these formulas we see that the catenoid is described by the
equation

.x1/2 C .x2/2 D cosh2
�
x3

a

�
:

(3) Helicoid (Figure 6.2):

 1 D
p
a
p
ip

2
;  2 D

p
a
p
ip

2z
; a 2 R; a > 0:

This is a line surface obtained by uniform revolution of a straight line l intersecting
the axis of revolution and orthogonal to it and simultaneous uniform translation of l
parallel to the axis of revolution; moreover, the ratio of the speed of translation and the
speed of revolution equals a.

Here again z 2 C n f0g; however, in this case the integrals in (6.11) are not
determined uniquely. To retain univalence, delete the negative real half-axis R� D
fz D x C iy j x � 0; y D 0g from C. Eventually, we obtain one turn of the helicoid
corresponding to one revolution of l around the axis of revolution. Now, we have to
extend analytically the embedding, by gluing the upper coast of one copy of C n R�
with the lower coast of another such copy, and so on.

Figure 6.2. Helicoid.

The explicit formulas for the helicoid are

x1 D a sinh v sin u; x2 D a sinh v cosu; x3 D au;
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where z D e�i.uCiv/ D ev�iu. Hence, the helicoid is given by the equation

tan
x3

a
D x1

x2
:

The catenoid and helicoid corresponding to the same value of the parameter a
are locally isometric: the functions  which determine them differ by the factor

p
i ;

however, globally they are different: topologically, the helicoid is an embedded plane,
while the catenoid is a cylinder.

(4) The Enneper surface:  1 D 1;  2 D z. This surface is not embedded but,
like the previous surfaces, is complete in the sense that every geodesic on it extends
indefinitely.

Problem6.1. Prove that the graph of the function z D f .x; y/ (in the three-dimensional
Euclidean space with coordinates x, y, and z) is a minimal surface if and only if

.1C f 2y /fxx � 2fxfyfxy C .1C f 2x /fyy D 0
(minimal surface equation).
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Elements of Lie group theory

7.1 Linear Lie groups

A smooth manifold G whose points constitute a group and all group operations are
smooth is called a Lie group. This means that:

(1) a smooth mapG�G ! G, called multiplication, is given which relates to a pair
of points x; y 2 G their product xy;

(2) .xy/z D x.yz/ for all x; y; z 2 G;
(3) there is an identity element e 2 G such that xe D ex D x for all x 2 G;
(4) a smooth mapG ! G, x 7! x�1, called inversion, is given which relates to each

element x 2 G the inverse element x�1 2 G such that their product is equal to
the identity e:

xx�1 D x�1x D e:
It is easy to show that the element x�1 meeting the latter equalities is unique.

A subgroup H of a Lie group G is a Lie subgroup if it is simultaneously a smooth
submanifold of G.

We have already indicated one example of a Lie group in §1.4, the real orthogonal
group O.n/ which is an .n�1/n

2
-dimensional submanifold in the space Rn

2
realized as

the space of real .n�n/-matrices. For the beginning, we will focus on other examples
of Lie groups realized by matrices.

(1) Complete linear group GL.n/. Let Rn be the n-dimensional vector space over
the field of reals. Choosing a basis e1; : : : ; en for Rn, we relate each linear map
A W Rn ! Rn with a unique .n � n/-matrix A D .ajk/ which determines the map in
this basis:

A W

0
B@v

1

:::

vn

1
CA 7!

0
@a11 : : : a1n

: : :

an1 : : : ann

1
A
0
B@v

1

:::

vn

1
CA :

Although we know that a linear map is determined by a tensor of type .1; 1/ (see §6.3),
in this chapter we enumerate the entries of matrices by two subscripts like in most
linear algebra courses. Thereby the space M.n;R/ constituted by .n � n/-matrices is
identified with the Euclidean space Rn

2
in which the coordinates are the entries ajk of

the matrices. Linear maps Rn ! Rn are also called transformations of the (vector)
space Rn.
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We denote by 1n the identity transformation of the space Rn and the identity .n�n/-
matrix which determines this transformation.

The complete linear group GL.n/ D GL.n;R/ is the group constituted by all
invertible linear transformations of the space Rn.

Theorem 7.1. The group GL.n/ is a noncompact Lie group of dimension n2.

Proof. The smooth function (determinant)

det W M.n;R/! R;

is defined on the space M.n;R/; this function vanishes only on the matrices which
determine noninvertible maps. Consequently, each element A 2 GL.n/ is contained
in GL.n/ together with its neighborhood; therefore, GL.n/ is an open set and conse-
quently an n2-dimensional submanifold in M.n;R/ D Rn

2
. Since the function det is

unbounded, the manifold GL.n/ is noncompact (otherwise the function would attain its
maximum and minimum). Obviously, the operations of multiplication and inversion of
matrices are smooth as functions of the entries. Consequently, GL.n/ is a Lie group.
Theorem 7.1 is proven. �

From Theorem 7.1 we immediately derive the following fact about the orthogonal
group O.n/ introduced in §1.4.

Corollary 7.1. O.n/ is a compact Lie subgroup of the group GL.n/.

Here and in the sequel we identify elements of O.n/ with the matrices which
determine them in some chosen orthonormal basis.

Corollary 7.1 is plain. The transformations in O.n/ are those which preserve the
inner product

.u; v/ D
nX

jD1
uj vj :

This is equivalent to the fact that

A>A D 1n; A 2 O.n/; (7.1)

where A> is the transpose of A (see §1.4). Consequently, all transformations in O.n/
are invertible and the embedding O.n/ � GL.n/ is a smooth map. Hence, O.n/ is a
Lie subgroup of the group GL.n/.

The assertion about compactness is also plain. It follows from (7.1) that

nX
kD1

a2jk D 1; j D 1; : : : ; n;

for each j th row of the matrix A 2 O.n/. Therefore, all entries ajk of the matrix A
are bounded in magnitude by 1: jajkj � 1. Since the set of solutions to equation (7.1)
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is closed in Rn
2 D M.n;R/, the submanifold O.n/ is a closed and bounded subset in

Rn
2
; consequently, it is compact. Corollary 7.1 is proven.

Subgroups of the complete linear groups GL.n/ are called linear (or matrix) groups.
The following lemma has been already applied in §1.4 in the case H D O.n/:

Lemma 7.1. Let H � GL.n/ be a subgroup which is also a smooth submanifold in
a neighborhood of the identity 1n 2 GL.n/. Then H is a smooth submanifold and
consequently a Lie subgroup of GL.n/.

Proof. The fact that the subgroup H is a submanifold in a neighborhood U of the
identity matrix 1n means that in this neighborhood U \H is given as the zero set of
a smooth map F W U ! Rk whose Jacobian matrix has full rank (see Theorem 1.5).
Take A 2 H . This element has a neighborhood AU constituted by the points of the
form AB , where B 2 U . Since H is a subgroup of GL.n/, the elements of H in AU
are determined by the equationFA.X/ D 0, whereFA.X/ D F.A�1X/. The Jacobian
matrix of the map FA W AU ! Rk at A has the same rank as the Jacobian matrix of
the map F at 1n. Consequently this rank is maximal, and in a neighborhood of every
point A 2 H the subgroup H is a smooth submanifold. Lemma 7.1 is proven. �

(2) Unimodular (or special linear) group SL.n/. Denote by SL.n/ the level surface
det D 1 of the determinant, i.e., the set of points at which det D 1.

Theorem 7.2. SL.n/ is a Lie subgroup of GL.n/. It is noncompact and has dimension
n2 � 1.
Proof. It is easy to find that

@ detA

@a11

ˇ̌̌
AD1n

D 1:
Consequently, in a neighborhood of 1n the group SL.n/ is a smooth submanifold.
It follows from Lemma 7.1 that SL.n/ is a Lie subgroup of the group GL.n/. By
the implicit function theorem, dim SL.n/ D dim GL.n/ � 1. Since the entries are
unbounded on SL.n/, this group is noncompact. Theorem 7.2 is proven. �

(3) Special orthogonal group SO.n/. TakeA 2 O.n/. It follows from the equalities
detA detA�1 D 1 and detA D detA> that detA D ˙1 for A 2 O.n/.

The group SO.n/ is constituted by the matrices in O.n/ with detA D 1.

Theorem 7.3. SO.n/ is a connected component of the Lie group O.n/.

Proof. First of all prove two lemmas.

Lemma 7.2. The group O.2/ has two components constituted by the matrices of the
form �

cos' sin '
� sin ' cos'

�
;

�
cos' sin '
sin ' � cos'

�
; (7.2)
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where ' 2 R. Each component is diffeomorphic to the circle S1 D fz 2 C j jzj D 1g
and the first of them coincides with the group SO.2/.

Proof of Lemma 7.2. Take A 2 O.2/. Denote

A D
�
a b

c d

�
:

Equation (7.1) takes the form

a2 C b2 D c2 C d2 D 1; ac C bd D 0:
The general solution to the equation a2Cb2 D 1 is representable in the form a D cos',
b D sin '. Hence, c D ˙ sin ' and d D � cos'. Consequently, all entries of
O.2/ have the form (7.2). The determinant of the matrices of the first form equals
detA D 1, while the determinant of the matrices of the second form equals detA D �1.
Lemma 7.2 is proven. �

Lemma 7.3. Let A 2 O.n/. Then the vector space Rn is representable as the direct
sum of one- and two-dimensional subspaces Vj such that they are pairwise orthogonal;
i.e., Vi ? Vj for i ¤ j , and each of them is invariant under A; i.e., A.Vj / D Vj for
all j .

Proof of Lemma 7.3. We proceed by induction on n. For n D 1 the assertion is trivial.
Assume that the lemma is proven for n < k. Take A 2 O.k/. Write the characteristic
equation

det.A � �1k/ D 0:
If it has a real root �, then there is a vector v 2 Rk such that Av D �v. In this case

the space Rk splits into the direct sum Rk D R � v C .R � v/? of the one-dimensional
subspace R � v spanned by v and its orthogonal complement. Both subspaces are
invariant under A. Consequently, the restriction of A to .R � v/? is given by a matrix
A1 2 O.k � 1/. By the induction assumption, the assertion of the lemma is valid for
A1. Therefore, it is also valid for A.

If the equation det.A � �1k/ D 0 has no real roots, then take a complex root �
and a complex vector w D w1 C iw2 2 Ck , with w1; w2 2 Rk , such that Aw D �w.
It is obvious that A.w1 � iw2/ D �.w1 � iw2/ and the vectors w1 and w2 generate
a two-dimensional invariant subspace R � w1 C R � w2. Since the transformation A
is orthogonal, the orthogonal complement to R � w1 C R � w2 is also invariant. Now,
arguing as in the previous case, we derive the assertion of the lemma for A from the
induction assumption. Lemma 7.3 is proven. �

We turn to proving Theorem 7.3. To show that SO.n/ is connected, it suffices to
deform every transformation A 2 SO.n/ within SO.n/ into the identity transforma-
tion 1n. It follows from Lemma 7.3 that in an appropriate basis every elementA 2 O.n/
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is representable as a block diagonal matrix0
B@A1 0

: : :

0 Ak

1
CA ;

where the matrices Aj are either one-dimensional (in this case they are equal to the
eigenvalues of the orthogonal transformation; i.e.,˙1) or two-dimensional (in this case
they have the form (7.2)). In the latter case, changing continuously the angle ', we can
deform every matrix of the form (7.2) into the diagonal matrix with diagonal entries
equal to˙1. Hence,A is deformed into the elementB which is given, in an appropriate
basis, by a diagonal matrix with ˙1 on the diagonal. Since detA D detB D 1, the
diagonal contains an even number of entries equal to �1. Split them into pairs and for
each pair choose the corresponding eigenvectors v1 and v2. The restriction of B to
R � v1 C R � v2 is equal to �12. This matrix has the first form in (7.2) for ' D � and,
deforming ' into 0, we take the restriction of B to this subspace into 12. Repeating
this procedure for all pairs, we bring the matrixB to the form 1n, i.e., deform the linear
transformation A into the identity transformation. We have thus shown that SO.n/ is
a connected manifold.

Let A 2 O.n/ and detA D �1. The image of a smooth and invertible (i.e.,
diffeomorphism) map SO.n/ ! O.n/ of the form X ! AX is the set constituted
by all matrices in O.n/ with det D �1. Hence, the manifold O.n/ splits into two
connected components on which the determinant has different signs. Theorem 7.3 is
proven. �

We outlined the proof of this theorem in view of the importance of the groups SO.n/
and the fact that its analogs for other groups are simpler but based on the same idea.

Problem 7.1. Using the real Jordan form of matrices, show that:
.a/ for every n, the group GL.n/ has two connected components selected by the

sign of detA;
.b/ for every n, the group SL.n/ is connected.

(4) General linear group GL.n;C/. Invertible linear transformations of the vector
space Cn over the field C constitute the group GL.n;C/. Choose a basis e1; : : : ; en
for Cn and relate to each linear map A W Cn ! Cn the .n�n/-matrix A with complex
entries which determines the map in this basis. Denote the space of such matrices
by M.n;C/. The transformations A 2 GL.n;C/ are determined by the condition
detA ¤ 0. Hence, as in the case of the group GL.n/, we conclude that GL.n;C/ is a
Lie group of (real) dimension 2n2 D dimM.n;C/.

(5) Unitary group U.n/. Let Cn be an n-dimensional vector space over the field C.
Denote by .u; v/ the Hermitian product on Cn which has the following form in an
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orthonormal basis e1; : : : ; en:

.u; v/ D
nX

jD1
uj Nvj :

The transformation A 2 M.n;C/ is unitary if it preserves this Hermitian product.
Obviously, it has the zero kernel and is invertible.

The space M.n;C/ is naturally identified with Cn2
and hence with R2n

2
in which

the coordinates are the real and imaginary parts of the entries: Re ajk and Im ajk . Since
each linear transformation inM.n;C/ determines a linear transformation R2n ! R2n,
where R2n is generated over R by the vectors e1; ie1; : : : ; en; ien, the group M.n;C/
is naturally embedded into M.2n;R/.

Theorem 7.4. The group U.n/, constituted by all unitary transformations of Cn, is
determined in GL.n;C/ by the equation

A> NA D 1n;

and is a compact Lie subgroup of GL.2n/ of dimension n2.

Proof. The product of two unitary transformations and the inverse of a unitary trans-
formation are unitary. Therefore, unitary transformations constitute a group which we
denote by U.n/. The Hermitian product can be written in the form

.u; v/ D u>1n Nv;
where u D .u1; : : : ; un/> and v D .v1; : : : ; vn/> are vectors in Cn written as .n� 1/-
matrices. A matrix A 2M.n;C/ is unitary if and only if

.Au;Av/ D u>A>1n NA Nv D .u; v/
for all u; v 2 Cn. This means that the following complex analog of equation (7.1)
holds:

A> NA D 1n; A 2 U.n/: (7.3)

This equation is rewritten as the following system of n2 polynomial equations:

Fjk D
nX

mD1
.Re amj Re amk C Im amj Im amk/ � ıjk D 0

with 1 � j � k � n, and

Gjk D
nX

mD1
.Re amj Im amk � Im amj Re amk/ D 0;
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with 1 � j < k � n.
The functions Fjk and Gjk determine the map

F W M.n;C/! Rn
2

:

Prove that the Jacobian matrix of this map at 1n 2 M.n;C/ has full rank equal to n2.
Choose n2 variables Re ajk; 1 � j � k � n, and Im ajk; 1 � j < k � n and calculate
the minor of the Jacobian matrix corresponding to these variables for A D 1n:

@Fjk

@Re ars
D

8̂<
:̂
2 for j D r; k D s; j D k;
1 for j D r; k D s; j < k;
0 otherwise;

@Gjk

@ Im ars
D
(
1 for j D r , k D s,
0 otherwise;

@Fjk

@ Im ars
D @Gjk

@Re ars
D 0 for all j; k; r; and s:

Consequently, by Lemma 7.1, U.n/ is a smooth submanifold in R2n
2

of dimension
dim U.n/ D dim R2n

2 � n2 D n2.
It follows from (7.3) that jajkj � 1. Therefore, U.n/ is a bounded subset of R2n

2
;

since it is closed, it is compact. Theorem 7.4 is proven. �

The chain of embeddings

U.n/ �M.n;C/ �M.2n;R/
demonstrates that the group U.n/ is linear.

(6) Special unitary group SU.n/. It follows from equation (7.3) that jdetAj D 1

for A 2 U.n/. The matrices in U.n/ with detA D 1 constitute the subgroup which we
denote by SU.n/.

Theorem 7.5. SU.n/ is an .n2 � 1/-dimensional Lie subgroup of the group U.n/.

Proof. InM.n;C/ the group SU.n/ is selected by the same equations Fjk D Gjk D 0
as U.n/ and one additional equation

detA D 1;
which we replace with

H.A/ D Im detA D 0:
This equation determines two components detA D ˙1 one of which is precisely
SU.n/. The Jacobian matrix of the map zF W M.n;C/! Rn

2C1 of the form

zF .A/ D .F.A/;H.A//
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at the point A D 1n has full rank. To show this, complement the set of the variables
Re ajk , 1 � j � k � n, and Im ajk , 1 � j < k � n, with the variable Im a11

and note that @H
@ Im a11

D 1 at the point A D 1n. Using the calculations carried out in
the proof of Theorem 7.4, we conclude that the minor of the Jacobian matrix of the
map zF corresponding to these n2 C 1 variables is invertible at the point A D 1n 2
SU.n/. Consequently, SU.n/ is a smooth submanifold U.n/ and dim SU.n/ D n2�1.
Theorem 7.5 is proven. �

Problem 7.2. Using the complex Jordan form of a matrix, show that U.n/ and SU.n/
are connected for all values of n.

7.2 Lie algebras

The tangent space of a linear groupG � GL.n/ at the identity 1n is a vector subspace in
M.n;R/. Since a sufficiently small neighborhood of each invertible matrix inM.n;R/
consists of invertible matrices (this follows from continuity of the determinant), the
tangent space of GL.n/ at each point coincides withM.n;R/. Similarly, we can prove
that the tangent spaces of the group GL.n;C/ coincide with M.n;C/.

Theorem 7.6. The tangent space TeG of the group G at the identity e is constituted
by:

(1) the traceless matrices

TrX D 0
for G D SL.n/;

(2) the anti-symmetric matrices

X> D �X; xjk D �xkj
for G D O.n/;

(3) the matrices X 2M.n;C/ such that

xX> D �X; Nxjk D �xkj
for G D U.n/;

(4) the matrices X 2M.n;C/ determined by the equations

Nxjk D �xkj and Tr x D 0

for G D SU.n/.
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Proof. Let �.t/ D 1CXtCO.t2/ be a smooth curve inG passing through the identity
e D 1. If G D SL.n/, then det �.t/ � 1 and det �.t/ D 1C TrX � t C O.t2/ D 1.
Hence, we find that TrX D 0. Since the dimension of the space of matrices with the
zero trace coincides with dim SL.n/, every such a matrix is realized as a tangent vector.

We have already given the proof for G D O.n/ in §1.4 which can be generalized
to the case of G D U.n/ as follows: �.t/�>.t/ D 1n and from

.1n C xXt CO.t2//.1n CX>t CO.t2// D 1n C .X> C xX/t CO.t2/ D 1n

we find that X> D � xX . The dimension of the space of such matrices coincides with
dim U.n/.

In the case G D SU.n/ it suffices to combine the arguments for SL.n/ and U.n/.
Theorem 7.6 is proven. �

The deviation of a group from a commutative group is described by its commu-
tators Œx; y� D xyx�1y�1. The vanishing of all commutators means that the group
is commutative. Given a Lie group G, we define on its tangent space at the identity
e 2 G the operation

Œu; v� D 1

2

@2Œx.t/; y.t/�

@t2
at t D 0;

where

u D @x.t/

@t
; v D @y.s/

@t
at t D 0; x.0/ D y.0/ D e:

This operation in a Lie algebra is called the commutator as well and can be defined
in a different way.

Suppose that fxj g are local coordinates in a neighborhood of the identity e 2 G
such that xj .e/ D 0 for all j . We can identify TeG with Rn, where n D dimG, and
write down multiplication in terms of local coordinates in the form of a Taylor series

.xy/j D xj C yj C bj
kl
xkyl C .terms of order 	 3/; (7.4)

where xj and yk are assumed to be the first-order terms. Then

Œu; v�j D .bj
kl
� bj

lk
/ukvl D cj

kl
ukvl :

Theorem 7.7. The operation Œ ; � on the tangent space TeG at the identity of the Lie
group is linear in each variable and satisfies the relations

Œu; v� D �Œv; u�; (7.5)

ŒŒu; v�; w�C ŒŒv; w�; u�C ŒŒw; u�; v� D 0 (Jacobi identity): (7.6)
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Equivalence of different definitions of the commutator and identities (7.5) and (7.6)
are proven by straightforward and simple calculations by means of Taylor series. We
leave them as exercises, observing that their detailed exposition can be found in [5].

A vector space (over some field) endowed with a commutator which is linear in
both variables and satisfies identities (7.5) and (7.6) is called a Lie algebra.

If e1; : : : ; en is a basis for a Lie algebra, then the commutator is determined uniquely
by its values on the basis elements:

Œei ; ej � D ckij ek
(here the repeated index k implies summation). The constants ckij are called the struc-
ture constants of the Lie algebra.

Speaking of the Lie algebra of a Lie group, we mean the tangent space at the identity
with the commutator operation introduced above.

It is known that every finite-dimensional Lie algebra over R or C is the Lie algebra
of some matrix group.

A homomorphism of Lie groups G and H is a smooth map f W G ! H which is
a homomorphism of the groups. Each such a map determines a map of the tangent
spaces at the identities which preserves the commutators, namely the homomorphism
of the Lie algebras

f� W g ! h;

i.e., the linear map of the corresponding Lie algebras such that

f�.Œu; v�/ D Œf�.u/; f�.v/� (7.7)

for all u; v 2 g D TeG. Indeed, equality (7.7) follows from the definition of the
commutator of elements of the Lie algebra in terms of the commutators of curves in
Lie groups:

f�.Œ Px.0/; Py.0/�/ D 1

2

@2f .Œx.t/; y.t/�/

@t2

ˇ̌̌
tD0

D 1

2

@2.Œf .x.t//; f .y.t//�/

@t2

ˇ̌̌
tD0 D Œf�. Px.0//; f�. Py.0//�:

Obviously, if Lie groups are smoothly isomorphic, then their Lie algebras are iso-
morphic. This simple assertion makes it possible to reduce a great part of the clas-
sification problem for Lie groups to problems of linear algebra. The Lie algebra is
constructed by the quadratic part of the multiplication rule (7.4) which determines the
multiplication in the group. The last condition is very strong and, roughly speaking,
allows us to reconstruct the whole Taylor series for multiplication: the structure con-
stants cj

kl
determine completely multiplication in a sufficiently small neighborhood of

the identity (the Lie theorem). Detailed proofs and classification results can be found,
for example, in [5].
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As we will show now, the commutator of matrix groups has a simple form.
A one-parameter subgroup F.t/ of a Lie group G is a subgroup F.t/ which is the

image of a homomorphism of Lie groups F W R ! G, where R is the additive group
of reals.

Lemma 7.4. For linear groups G � GL.n/ the one-parameter subgroups are the
subgroups F.t/ D exp.Xt/, where X 2 TeG.

Proof. LetX D @F.0/=@t and denote by PF the derivative of F with respect to t . Then

PF .t/ D lim
s!0

F.s C t / � F.t/
s

D lim
s!0

F.s/ � 1n
s

F.t/ D X F.t/

and, solving the matrix equation
PF D XF

with the constant matrix A and the initial condition F.0/ D 1n, we obtain

F.t/ D exp.Xt/ D 1n CXt C 1

2
X2t2 C � � � C 1

nŠ
Xntn C � � � :

Lemma 7.4 is proven. �

For a subgroup eXt 2 G the elementX is called the generator of eXt (for example,
one can often see the expression “the generator of rotations around an axis”).

Theorem 7.8. For linear groups G � GL.n/ the commutator on the Lie algebras is
the usual commutator of matrices

ŒX; Y � D XY � YX 2 g D TEn
G �M.n;R/:

Proof. We obtain

Œexp.Xt/; exp.Y t/� D .1n CXt C 1
2
X2t2 CO.t3//.1n C Y t C 1

2
Y 2t2 CO.t3//

� .1n �Xt C 1
2
X2t2 CO.t3//.1n � Y t C 1

2
Y 2t2 CO.t3//

D 1n C ŒX; Y �t2 CO.t3/
and

1

2

@2Œexp.Xt/; exp.Y t/�

@t2

ˇ̌̌
tD0 D ŒX; Y �:

Theorem 7.8 is proven. �

The Lie algebras of matrix groups are denoted by the same but lower case letters
as the group. For example, gl.n/ is the Lie algebra of the group GL.n/.
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Examples of Lie algebras. (1) so.2/ is one-dimensional and commutative:

so.2/ D R � e1; Œe1; e1� D 0:
(2) so.3/ is generated by the matrices

e1 D
0
@ 0 1 0

�1 0 0

0 0 0

1
A ; e2 D

0
@0 0 0

0 0 1

0 �1 0

1
A ; e3 D

0
@ 0 0 1

0 0 0

�1 0 0

1
A

satisfying the relations
Œej ; ek� D "ljkel ; (7.8)

where "l
jk
D 1 if the permutation �

1 2 3

j k l

�

is even, "l
jk
D �1 if this permutation is odd, and "l

jk
D 0 if at least two indices among

j , k, and l coincide.

(3) su.2/ is generated (over the field R) by the matrices

e1 D
�
0 � i

2� i
2

0

�
; e2 D

�
0 �1

2
1
2

0

�
; e3 D

�� i
2

0

0 i
2

�
(7.9)

satisfying relations (7.8).
Let e1, e2, e3 be a positively-oriented orthonormal basis for R3. Then the vector

products of these basis vectors satisfy relations (7.8), too.

Corollary 7.2. The Lie algebras so.3/ and su.2/ are isomorphic to the algebra of
vectors in R3 with the cross product operation.

(4) sl.2/ is generated by the matrices

e1 D
 

0 0

� 1p
2

0

!
; e2 D

 
0 1p

2

0 0

!
; e3 D

�
1
2

0

0 �1
2

�

satisfying the relations

Œe1; e3� D e1; Œe2; e3� D �e2; Œe1; e2� D e3:
Corollary 7.3. sl.2/ is nonisomorphic to the algebras so.3/ and su.2/.

Indeed, the vector product Œu; v� in R3 is orthogonal to the vectors u and v. There-
fore, the equation Œu; v� D u has no solution in the algebra so.3/, and the generators
e1 and e3 of the algebra sl.2/ satisfy the relation Œe1; e3� D e1.
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7.3 Geometry of the simplest linear groups

(1) SU.2/. It follows from equations (7.3) that a matrix

A D
�
a b

c d

�

belongs to the group U.2/ �M.2;C/ if and only if

Nab C Ncd D 0; jaj2 C jcj2 D jbj2 C jd j2 D 1:
The additional condition that A 2 SU.2/ � U.2/ takes the form

ad � bc D 1:
Rewrite the first and last equations as the system of equations�

a �c
Nc Na

��
d

b

�
D
�
1

0

�
:

Solving this system using jaj2 C jcj2 D 1, we find that b D �Nc and d D Na. We have
thus proven the following theorem:

Theorem 7.9. The group SU.2/ �M.2;C/ is constituted by the matrices of the form

A D
�
a b

�Nb Na
�
;

where jaj2 C jbj2 D 1.
Corollary 7.4. The Lie group SU.2/ is diffeomorphic to the three-dimensional sphere.

Indeed, the n-dimensional sphere is the submanifold RnC1 determined by the equa-
tion

nC1X
jD1

.xj /2 D 1;

and, putting a D x1 C ix2 and b D x3 C ix4, we bring the equation jaj2 C jbj2 D 1
to the form of the equation for the three-dimensional sphere.

(2) Quaternions. The algebra H of quaternions is the four-dimensional algebra
over the field R with the summation and multiplication operations such that

(i) the summation and multiplication operations are associative; i.e.,

u.vw/ D .uv/w; uC .v C w/ D .uC v/C w
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for u; v; w 2 H and satisfy also the conditions

v C w D w C v; �.v C w/ D �v C �w;
.�C �/v D �v C �v; .�v/.�w/ D .��/.vw/

for v;w 2 H and �;� 2 R;
(ii) there exist linear generators 1, i , j , and k of the algebra H such that 1v D v1

for every v 2 H, and multiplication of the other generators is given by the rule

ij D �ji D k; jk D �kj D i ; ki D �ik D j ; i 2 D j 2 D k2 D �1:
(7.10)

These rules determine uniquely the multiplication operation which is noncommu-
tative and possesses one remarkable property: each nonzero element has an inverse.
Such an algebra is called a division algebra.

Adams’ theorem proven by topological methods claims that

• the dimension of a finite-dimensional division algebra over the field R can take
only the following values: 1, 2, 4, and 8.

All these cases are realized by the algebra of reals (dim D 1), the algebra of complex
numbers (dim D 2), the algebra of quaternions (dim D 4), and the Cayley algebra of
octonions (dim D 8).1

The four algebras indicated above exhaust all alternative division algebras. This as-
sertion generalizes the Frobenius theorem which claims that every associative division
algebra over the field R is isomorphic to either R, C, or H.

Put

1 D
�
1 0

0 1

�
; i D

�
0 �i
�i 0

�
; j D

�
0 �1
1 0

�
; k D

��i 0

0 i

�
:

The following lemma is proven by simple verification:

Lemma 7.5. The vector subspace in M.2;C/ generated by these matrices with the
matrix summation and multiplication operation is isomorphic to the algebra of quater-
nions.

The matrices
�x D ii ; �y D ij ; �z D ik

are applied in theoretical physics and are called the Pauli matrices.
As in the case of the algebra of complex numbers, on the algebra of quaternions we

have the conjugation operation

q D u1C xi C yj C zk 7! Nq D u1 � xi � yj � zk:
1The multiplication in the Cayley algebra is neither commutative nor even associative. This algebra is

an example of an alternative algebra, i.e., an algebra in which every subalgebra generated by two elements
is associative.
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We can immediately derive the formulas

v C w D Nv C xw; vw D xw Nv:
A quaternion q is called imaginary if Nq D �q. It is obvious that the imaginary
quaternions are exactly those which have the form

q D xi C yj C zk:
The algebra H is normed; i.e., for each element q we can define its norm jqj 2 R;

moreover, the following conditions are satisfied:

jv C wj � jvj C jwj; jvwj D jvjjwj;
j�vj D j�jjvj for v;w 2 H; � 2 R;

jvj 	 0 and jvj D 0 if and only if v D 0:
This norm is given by the formula

jqj Dpq Nq Dpu2 C x2 C y2 C z2
and a quaternion q is called a unit quaternion if jqj D 1.

From Theorem 7.9 and Lemma 7.5 we immediately obtain the following lemma:

Lemma 7.6. The group SU.2/ is isomorphic to the group of unit quaternions with the
multiplication operation.

(3) The groups SO.3/ and SO.4/. Henceforth we will identify the group SU.2/with
the group of unit quaternions, the linear space R3 with the linear space of imaginary
quaternions and the linear space R4 with the space of all quaternions.

If v is an imaginary quaternion and q 2 H, then

qv Nq D q Nv Nq D �qv Nq
and consequently qv Nq is also an imaginary quaternion. Therefore, for each q 2
SU.2/ � H we can define the linear map

R3
Q�! R3 W Q.v/ D qv Nq: (7.11)

This linear map preserves the norms of elements,

jQ.v/j D jqj jvj j Nqj D jvj
which are written in terms of the inner product .v1; v2/ D x1x2 C y1y2 C z1z2 as
follows:

jvj D
p
.v; v/:
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Since
.v C w; v C w/ D .v; v/C 2.v; w/C .w;w/

and the norms of the elements v, w, and .vCw/ are preserved under the action of Q,
Q preserves the inner product on R3 D Im H:

.Q.v/;Q.w// D .v; w/:
Two different elements q1 and q2 determine the same linear transformation if and only
if the following equality holds for each imaginary quaternion v:

. Nq2q1/v. Nq1q2/ D v;
which is equivalent to the commutativity condition

. Nq2q1/v D v. Nq2q1/:
From relations (7.10) we can easily find that the quaternion Nq2q1 commutes with each
imaginary quaternion if and only if it is real: Nq2q1 D �1, where � 2 R. But, since
Nq2q1 is a unit quaternion, it must be equal to˙1.

We have proven the following lemma:

Lemma 7.7. Formula (7.11) determines a homomorphism of groups

� W SU.2/! O.3/;

whose kernel is equal to f˙12g and consequently isomorphic to Z2.

In terms of the entries a and b which are smooth functions on SU.2/, the homo-
morphism � is written by simple formulas which imply that the map � is smooth, i.e.,
a homomorphism of Lie groups.

Since 12 2 SU.2/ goes into 13 and SU.2/ is connected, the image of � lies in the
connected component of O.3/ containing the identity, i.e., in SO.3/.

Now, observe one general fact.

Lemma 7.8. Let f W G ! H be a homomorphism of connected linear Lie groups
of the same dimension whose kernel is a discrete subgroup 	 � G .in the topology
induced by the embedding, each point of 	 has a neighborhood containing no other
points of 	/. Then

(1) the differential of the map

f� W TgG ! Tf .g/H

is an isomorphism for each g 2 G;
(2) f .G/ D H ;
(3) the Lie algebras of the groups G andH are isomorphic.
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Proof. Since the homomorphism of Lie groups takes the one-parameter subgroups
exp.Xt/ into subgroups exp.f�.X/t/ and the kernel f is discrete, the map f� is an
embedding. Since dimG D dimH , the map f� is an even isomorphism of the tangent
spaces at the identities. These tangent spaces at the identities are endowed with the
structures of Lie algebras and f� determines an isomorphism of Lie algebras.

Take g 2 G and let g be the Lie algebra of the group G. Each element in a
neighborhood of g has the form g exp.X/, whereX 2 g, and goes into f .g/ exp.f�X/
under the action of f . Consequently, the differential f� at g has the same rank as at
the identity of the group. Hence, this rank is maximal everywhere.

Since f� has full rank at each point and the dimensions of G and H coincide, the
image of f is a smooth submanifold f .G/ � H . But f .G/ andH are connected and
therefore coincide. Lemma 7.8 is proven. �

Applying this lemma to the map � W SU.2/! SO.3/, we obtain

Theorem 7.10. The Lie group SO.3/ D SU.2/=f˙1g is diffeomorphic to the manifold
which is obtained from the unit three-dimensional sphere in R4 by identification of the
opposite points.

Indeed, � has rank 3 everywhere and the inverse image of each element p 2 SO.3/
consists of a pair of points˙q 2 SU.2/.

The manifold SO.3/ is an example of a real projective space RP n for n D 3, which
is defined as the manifold obtained from the sphere

Sn D ˚.x1; : : : ; xnC1/ 2 RnC1 jPnC1
jD1.xj /2 D 1

�
by identification of the opposite points. The following two simpler examples have
already appeared in the analytic geometry course: the projective straight line RP 1 and
the projective plane RP 2.

Now, let q1, q2 be a pair of unit quaternions. With this pair we associate the linear
map H D R4 ! R4 of the form

v 7! q1vSq2: (7.12)

By analogy with Lemma 7.7, we can prove the following lemma:

Lemma 7.9. Formula .7.12/ defines a homomorphism of Lie groups

SU.2/ � SU.2/! SO.4/;

whose kernel is constituted by the elements .12; 12/ and .�12;�12/.

From the above lemma and Lemma 7.8 we derive

Theorem 7.11. The Lie group SO.4/ is diffeomorphic to themanifoldwhich is obtained
from the direct product of two unit three-dimensional spheres S3�S3 by identification
of pairs .v; w/ and .�v;�w/.
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The Lie algebra so.4/ of the group SO.4/ is isomorphic to the direct sum of the Lie
algebras

so.4/ D so.3/˚ so.3/:

Here by the direct sum g ˚ h we mean the Lie algebra constituted by the pairs
.X; Y /, X 2 g, Y 2 h, with the commutator operation

Œ.X1; Y1/; .X2; Y2/� D .ŒX1; X2�; ŒY1; Y2�/:
If g and h are the Lie algebras of the groups G and H , then g ˚ h is obviously the
Lie algebra of the direct product G �H .

Although so.4/ D so.3/˚so.3/, it is easy to show that SO.4/ is not homeomorphic
to the direct product SO.3/ � SO.3/.

Decomposition of the Lie algebra so.4/ into the nontrivial direct sum of Lie algebras
is a paradoxical property of the dimension 4: for all other values of n the algebra so.n/
is not representable as the direct sums of nonzero Lie algebras. There is one more
peculiarity of the dimension 4 connected with this phenomenon: only for n D 4

there are pairwise nondiffeomorphic manifolds homeomorphic to Rn (we have already
observed this in §3.2).
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Elements of representation theory

8.1 The basic notions of representation theory

Linear Lie groups have numerous applications and serve for studying abstract groups
by means of representation theory.

A representation of a group G is a homomorphism

� W G ! GL.V /;

where V is a vector space called the representation space and GL.V / is the group of
its invertible linear transformations. If dim V < 1, then the representation is called
finite-dimensional and dim V is called the dimension of the representation.

A representation is real if GL.V / D GL.n;R/ and complex if GL.V / D GL.n;C/.
If a real finite-dimensional representation � on V D Rn is such that there is a nonde-
generate inner product which is preserved by all transformations �.g/ with g 2 G or,
which is the same, if

�.G/ � O.n/ � GL.n/;

where the subgroup O.n/ is defined by this inner product, then the representation � is
calledorthogonal. A finite-dimensional complex representation isunitary if it preserves
a nondegenerate Hermitian product onV D Cn. For brevity orthogonal representations
are also called unitary.

The notion of a unitary representation is naturally generalized to infinite-dimensional
representations in the case when V is a Hilbert space: in this case preservation of the
Hilbert product is required. Henceforth we consider only finite-dimensional real or
complex representations.

A representation � is called faithful if its kernel contains only the identity e of the
group G: Ker � D e. Now, we can easily reformulate the definition of a linear group:

• a Lie group is called linear if it has a faithful finite-dimensional representation.

Here we do not specify that the map �must be smooth; we can show that this holds
automatically.

The general definition of a linear group is the following:

• a group G is linear if it is isomorphic to a subgroup of the group GL.n/ for
some n.

Two representations �1 W G ! GL.V / and �2 W G ! GL.W / are equivalent if
there is an invertible linear transformation

A W V ! W
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such that the equality
A�1.g/ D �2.g/A W V ! W

holds for all g 2 G. Below, for enumerating or listing various representations, we do
not distinguish between equivalent representations.

A subspace V 0 � V is called invariant (under a representation �) if

�.g/V 0 � V 0

for all g 2 G. Simple examples of nontrivial invariant subspaces are obtained by
summation of representations. Namely, a representation �1 ˚ �2 is called the direct
sum of representations �1 W G ! GL.V1/ and �2 W G ! GL.V2/ if it has the form

.�1 ˚ �2/.g/ D .�1.g/; �2.g// 2 GL.V1/ � GL.V2/ � GL.V1 ˚ V2/;
where the embedding GL.V1/ � GL.V2/ � GL.V1 ˚ V2/, roughly speaking, is im-
plemented by block matrices. In this case V1 and V2 are invariant subspaces of the
representation �1 ˚ �2.

A representation is irreducible if it has no nontrivial invariant subspaces (i.e., dif-
ferent from the null space and the whole space V ). The importance of this definition,
for example, for unitary representations is demonstrated by the following assertion:

Theorem 8.1. Each unitary representation � decomposes into the direct sum of irre-
ducible representations:

� D �1 ˚ � � � ˚ �k :
Proof. We proceed by induction on dim V , taking the dimension over R for real rep-
resentations and over C for complex representations. For dim V D 1 the assertion is
obvious. Suppose that it is proven for dim V < k.

Let � W G ! GL.V / be a representation with dim V D k. If V contains no
invariant subspaces, then � is irreducible and the assertion is proven. Let V1 be a
nontrivial invariant subspace and let V ?

1 be its orthogonal complement. Since � is
unitary, we have �.g/V ?

1 � V ?
1 . The restrictions of � to V1 and V2 D V ?

1 determine
the representations �1 W G ! GL.V1/ and �2 W G ! GL.V2/whose direct sum is equal
to �:

� D �1 ˚ �2:
Since the dimensions of V1 and V2 are less than k, by the induction assumption, �1
and �2 decompose into the direct sum of irreducible representations. Theorem 8.1 is
proven. �

The theorem implies that the classification of unitary representations of a group G
reduces to the classification of unitary irreducible representations of G.

The following theorem is simple but has fundamental consequence:
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Theorem 8.2 (Schur’s lemma). Let �1 W G ! GL.V / and �2 W G ! GL.W / be
irreducible representations connected by the relation

A�1 D �2A; (8.1)

where A W V ! W is a linear transformation. Then one of the following two possibil-
ities holds:

(1) A D 0;
(2) A is an isomorphism.

If the representations are complex and �1 D �2, thenA is the operator of multiplication
by a constant � 2 C.

Proof. It is immediate from (8.1) that the kernel KerA of the transformation A is
invariant under �1 and its image ImA is invariant under �2. Since these representations
are irreducible, we have either KerA D V and then A D 0, or KerA D 0 and then
ImA D W and A is an isomorphism.

If the representation is complex, then A has an eigenvector v 2 V : Av D �v. If
�1 D �2, then the operator A � � D A � � � 1V , where 1V W V ! V is the identity
transformation, satisfies the following relation of type (8.1):

.A � �/�1 D �1.A � �/:
Since Ker.A � �/ ¤ 0, we have A � � D 0. Theorem 8.2 is proven. �

Corollary 8.1. If a group is commutative, then all irreducible complex representations
of the group are one-dimensional.

Proof. Let � W G ! GL.V / be an irreducible representation and take h 2 G. Then the
relation

�.h/�.g/ D �.g/�.h/
holds for all g 2 G. We conclude that the operator �.h/ is the multiplication by a
constant �h for each h 2 G; since this representation is irreducible, dimC V D 1.
Corollary 8.1 is proven. �

For real representations the assertion of the corollary is false. As an example we
can take the following two-dimensional representation of the group U.1/ D R=2�Z
of rotations of the plane:

' 7! �.'/ D
�

cos' � sin '
sin ' cos'

�
:

The transformations �.'/ have no eigenvectors in R2 for �.'/ ¤ ˙12.
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The character of a representation � W G ! GL.V /, where V is a vector space over
the field F D R or C, is a function

�	 W G ! F W �	.g/ D Tr �.g/:

Corollary 8.1 implies that an irreducible complex representation of a commutative
group “coincides” with its character.

The following properties of characters are well known from linear algebra.

Lemma 8.1. (1) �	.e/ D dim V ;
(2) �	.hgh�1/ D �	.g/, i.e., a character is defined on the set of conjugacy classes;
(3) if representations �1 and �2 are equivalent, then their characters coincide:

�	1
D �	2

;
(4) if a representation � decomposes into the direct sum of representations

�1; : : : ; �k , then
�	 D �	1

C � � � C �	k
:

Proof. The proof of assertions (1) and (4) consists in computation of the traces of block
matrices, while the assertions (2) and (3) follow from the obvious identity

Tr.ABA�1/ D TrB

where A and B are square matrices. �

Examples. (1) G D U.1/ D R=2�Z. Let ' be a linear parameter on R which
determines the parameter on U.1/ defined modulo 2� . The one-dimensional complex
representations have the form

�n.'/ D ein' ;
where n 2 Z. The characters of these representations “coincide” with themselves:

�n.'/ D �	n
.'/ D ein' :

All these representations are irreducible and, by Corollary 8.1, each irreducible complex
representation of the group U.1/ has the indicated form. Since the characters�n and�m
do not coincide for n ¤ m, the representations �n and �m are not equivalent. Hence,

f�ngn2Z

is the set of all equivalence classes of irreducible complex representations of U.1/.
Note that the representations �˙1 are faithful.

(2)G is then-dimensional torusT n D U.1/n D U.1/ � � � � � U.1/„ ƒ‚ …
n

. Let'1; : : : ; 'n

be linear parameters on the factors of the form U.1/. By analogy with the case
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G D U.1/ we prove that the set of irreducible complex representations of the group
T n has the form

�m.'1; : : : ; 'n/ D exp.i.m1'1 C � � � Cmn'n//;
where m D .m1; : : : ; mn/ 2 Zn. All these representations are pairwise nonequivalent
and “coincide” with their characters �m. The characters �m constitute a Fourier basis
for the space of periodic functions. This is not a contingency, since character theory
provides a basis for harmonic analysis, the theory of the Fourier transform. Expansion
of a periodic function f .x/ (or a function on a torus, which is the same) in a series in
the characters �m:

f .x/ D
X
m

am�m.x/

is called the Fourier series of a periodic function and the coefficients of the series are
called the Fourier coefficients.

Obviously, the representation �m is unitary; moreover, the following general fact
is valid:

• every finite-dimensional representation of a finite group or a compact Lie group
is unitary.

We will prove this assertion for finite groups in §8 and discuss the idea of the
proof in the general case; meanwhile, below we restrict our consideration to unitary
representations.

Each real representation � can be complexified as follows. Let V D Rn be the
representation space and let e1; : : : ; en be a basis forV . PutV C D Ce1C� � �CCen and
to each transformation A W V ! V relate the transformation AC W V C ! V C which
is given in the basis fej g by the same matrix as A. The so-obtained representation
�C W G ! GL.V C/ is called the complexification of the representation �; it is obvious
that the characters of � and �C coincide:

�	 D �	C :

Therefore, henceforth we restrict the exposition to complex representations.
In line with the tradition of monographs on representation theory, in the next two

sections we will write entries of the matricesA defining linear maps with two subscripts

A.ej / D
nX
kD1

ajkfk;

where A W Cm ! Cn, fej g is a basis for Cm, and ffkg is a basis for Cn.
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8.2 Representations of finite groups

Recall that from now on we consider only complex representations. Let G be a finite
group and denote its order by jGj.
Theorem 8.3. Let � W G ! GL.n;C/ be a finite-dimensional representation. Then
on Cn there is a Hermitian product preserved by the operators �.g/ and, hence, � is
unitary.

Proof. The proof is based on the averaging method. Let . � ; � /0 be some Hermitian
product on Cn. Define the new Hermitian product to be

.v; w/ D
X
g2G

.�.g/v; �.g/w/0: (8.2)

It is obvious that .�.g/v; �.g/w/ D .v; w/ for all g 2 G. Theorem 8.3 is proven. �

Applying Theorem 8.1, we obtain

Corollary 8.2. Each complex representation of a finite group decomposes into the
direct sum of irreducible representations.

Unitary representations possess the following important property:

Lemma 8.2. If a representation � W G ! GL.n;C/ is unitary, then

�	.g
�1/ D �	.g/ for all g 2 G:

This assertion is valid for all (not only finite) groups.

Proof. Since the representation � is unitary, the matrices which define the representa-
tion in an orthonormal basis for Cn satisfy the equation

�.g�1/jk D �.g/�1jk D �.g/kj I

consequently, Tr �.g�1/ D Tr �.g/. Lemma 8.2 is proven. �

Denote by L.G/ the space of complex-valued functions on the group G. It is
isomorphic to the linear space CjGj. The isomorphism is plain: identify the generators
of CjGj with the elements of the group and define the one-to-one correspondence:

f 2 L.G/ !
X
g2G

f .g/ � g 2 CjGj:

Therefore, the elements of the group determine the natural basis f Oggg2G for L.G/:

Og.h/ D
(
1 for h D g;
0 for h ¤ g:
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The group G acts on L.G/ by left and right translations denoted by lh and rh:

lh W f 7! lh.f / D
X
g2G

f .g/ yhg; rh W f 7! rh.f / D
X
g2G

f .g/1gh�1

or, which is the same,

lh.f /.g/ D f .h�1g/; rh.f /.g/ D f .gh/:
These formulas determine representations, since

lh1
lh2
.f /.g/ D lh2

.f /.h�1
1 g/ D f .h�1

2 h
�1
1 g/ D lh1h2

.f /.g/

and similarly rh1h2
D rh1

rh2
. The representations lh and rh are called the left regular

and right regular representations and the representation spaceL.G/ is called the group
algebra of the (finite) group G.

Regular representations act on the basis f Ogg by permutations; moreover, the per-
mutation corresponding to h 2 G is the identity permutation if and only if h is the
identity of the group: h D e 2 G. Hence, we obtain the following theorem:

Theorem 8.4. Regular representations are faithful, and therefore every finite group is
linear.

Define the following Hermitian product on L.G/:

.f1; f2/ D 1

jGj
X
g2G

f1.g/f2.g/: (8.3)

The basis f Ogg, g 2 G, is orthonormal with respect to this product; moreover, since the
left and right regular representations act on it by permutations, the following assertion
is valid:

Lemma 8.3. The left and right regular representations of G preserve the Hermitian
product (8.3).

Now, prove the following technical lemma:

Lemma 8.4. Let � W G ! GL.n;C/ and ' W G ! GL.m;C/ be representations of a
group G and let A W Cm ! Cn be a linear map. Then the map OA W Cm ! Cn given
by the formula

OA D
X
g2G

�.g/�1A'.g/; (8.4)

connects the representations � and ' by the following relation of type .8.1/:

� OA D OA':
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Proof. Write down �.h/ OA in detail:

�.h/ OA D �.h/
X
g2G

�.g/�1A'.g/

D
X
g2G

�.h/�.g/�1A'.g/

D
X
g2G

�.hg�1/A'.g/

D
X

uDgh�12G
�.u/�1A'.uh/

D
�X
u2G

�.u/�1A'.u/
�
'.h/

D OA'.h/:
Lemma 8.4 is proven. �

We will need Lemma 8.3 for proving the following theorem:

Theorem 8.5. Let � W G ! GL.n;C/ and ' W G ! GL.m;C/ be irreducible repre-
sentations given by unitary matrices: �.g/�1

jk
D �.g/kj and '.g/�1

jk
D '.g/kj . Then

their entries satisfy the following orthogonality relations:

.�rj ; 'sk/ D 0 if � and ' are not equivalent; (8.5)

.�rj ; �sk/ D 1

n
ıjkırs: (8.6)

Proof. If the representations � and ' are not equivalent then, applying the Schur lemma
to the operator OA corresponding to any linear map A W Cm ! C n, we obtain OA D 0.
Now, write down the right-hand side of (8.4) in the matrix form:

Oajk D
X
g2G

X
r;s

�.g/�1jr ars'.g/sk :

The right-hand side is a linear form of alm; since it is identically zero, all coefficients
of this form are zero: X

g2G
�.g/�1jr '.g/sk D 0:

If the representations are given by unitary matrices, then this equality takes the form
(8.5).

Now, prove (8.6). For the operators A D A.r;s/ with

a
.r;s/

jk
D ıjrıks;
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find their averages OA given by (8.4) for � D ':

Oa.r;s/
jk
D 1

jGj
X
g2G

X
u;v

�.g/�1ju ıurısv�.g/vk D
1

jGj
X
g2G

�.g/�1jr �.g/sk :

By Lemma 8.4, each of the operators OA.r;s/ satisfies identity (8.1):

OA.r;s/� D � OA.r;s/I
therefore, the Schur lemma implies that OA.r;s/ is the multiplication by a constant which
is obviously equal to

� D 1

n
Tr OA.r;s/:

But for � D ' the trace of the averaged operator coincides with the trace of the initial
operator:

Tr OA D Tr
� 1

jGj
X
g2G

�.g/�1A�.g/
�
D TrA:

Hence, we find that

1

jGj
X
g2G

�.g�1/jr�.g/sk D ıjkırs 1
n

Tr OA.r;s/ D 1

n
ıjkırs:

In the case when the matrix defining the representation is unitary this equality coincides
with (8.6). Theorem 8.5 is proven. �

Now, we turn to the corollaries of this theorem:

Corollary 8.3. Let � W G ! GL.n;C/ and ' W G ! GL.m;C/ be irreducible repre-
sentations. Then

.�	; �'/ D
(
1 if � and ' are equivalent,

0 otherwise.

To derive this corollary of Theorem 8.5, it suffices to note that Tr �.g/ DPj �.g/jj
and that the characters of equivalent representations coincide, afterwards we are left
with applying relations (8.5) and (8.6).

Corollary 8.4. Let
� D �1 ˚ � � � ˚ �k (8.7)

be a decomposition of a representation � into the direct sum of irreducible represen-
tations. Then the number of factors equivalent to an irreducible representation ' is
equal to the Hermitian product of characters

.�	; �'/

and hence decomposition (8.7) is unique (up to equivalence).
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Proof. Note that
.�	; �'/ D

X
j

.�	j
; �'/

and the right-hand side is equal to the number of the components �j equivalent to '.
This number is called the multiplicity of ' in �. Corollary 8.4 is proven. �

Corollary 8.5. Representations are equivalent if and only if their characters coincide.

Proof. Indeed, the previous Corollary 8.4 implies that the character determines com-
pletely the decomposition of the representation into irreducible representations and
each representation of a finite group has such a decomposition (Corollary 8.2). Corol-
lary 8.5 is proven. �

Corollary 8.6. If � is the character of �, then .�; �/ is a positive integer equal to 1 if
and only if � is irreducible.

Proof. We only need to calculate

.�; �/ D
X
j

m2j ;

wheremj is the multiplicity of the irreducible representation �j into the decomposition
of � in irreducible representations:

� D m1�1 ˚ � � � ˚mk�k :
Corollary 8.6 is proven. �

Corollary 8.7. Each irreducible representation of a groupG is contained in a regular
representation with multiplicity equal to its dimension.

Proof. The left and right regular representations are equivalent which follows, in view
of Corollary 8.5, from the coincidence of their characters that are equal to

�reg.g/ D
(
jGj if g.D e/ is the identity of the group G;

0 otherwise:

Now, let � W G ! GL.C; n/ be an irreducible representation of dimension n. Then

.�reg; �	/ D 1

jGj�reg.e/�	.e/ D 1

jGj jGjn D n:

Corollary 8.7 is proven. �

Corollary 8.8. The order of the group G is equal to the sum of the squares of the
dimensions of its irreducible representations.
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Proof. Let �1; : : : ; �k be all irreducible representations of G and let m1; : : : ; mk be
their dimensions. Then, by Corollary 8.7,

�reg D
X
j

mj�	j
;

and we conclude that
.�reg; �reg/ D jGj D

X
j

m2j :

Corollary 8.8 is proven. �

Denote by H.G/ the subspace L.G/ constituted by the central functions, i.e.,
functions satisfying the relation

f .x/ D f .yxy�1/ for all x; y 2 G
or, equivalently,

f .xy/ D f .yx/ for all x; y 2 G:
The simplest examples of central functions are the characters (Lemma 8.1).

Lemma 8.5. Let f 2 H.G/ and let � be a representation of G. Denote by Af the
operator

Af D
X
g2G

f .g/�.g/:

Then
Af � D �Af :

The proof of Lemma 8.5 is carried out by simple verification:

Af �.h/ D
�X
g2G

f .g/�.g/
�
�.h/

D
X
g2G

f .g/�.gh/

D
X

uDgh2G
f .uh�1/�.u/

D
X
u2G

f .h�1u/�.u/

D �.h/
X
u2G

f .h�1u/�.h�1u/

D �.h/
X

vDh�1u

f .v/�.v/

D �.h/Af :
Lemma 8.5 is proven and we now use it for proving the following fact:
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Theorem 8.6. The characters of irreducible representations constitute an orthonormal
basis for the spaceH.G/.

Proof. Let f be a central function orthogonal to all characters. For f and the left
regular representation �reg we construct the operator Af D

P
g2G f .g/lg which must

by Schur’s lemma be the operator of multiplication by the constant � D TrAf =jGj.
Calculate the trace of the operator Af :

TrAf D
X
g2G

f .g/Tr �reg.g/ D
X
g2G

f .g/�reg.g/ D .f; �reg/:

From the fact that the character of a regular representation is a linear combination of
the characters of irreducible representations, we obtain the equality

.f; �reg/ D 0;
which implies

Af D 0:
Since lg. Oe/ D Og, the action of Af on Oe yields

Af . Oe/ D
X
g2G

f .g/ Og D 0:

The functions Og are linearly independent in L.G/ and therefore

f .g/ D 0 for every g 2 G.

Theorem 8.6 is proven. �

Corollary 8.9. The number of irreducible representations of a groupG coincides with
the number of conjugacy classes.

Proof. Each central function is given by its values on the conjugacy classes (x and y
belong to one class if x D gyg�1 for some g 2 G) and the collection of these values
can be arbitrary. Hence, dimH.G/ D k, wherek is the number of conjugacy classes. It
follows from Theorems 8.5 and 8.6 that dimH.G/ is equal to the number of irreducible
representations. Corollary 8.9 is proven. �

Now, Corollary 8.1 can be improved as follows:

Corollary 8.10. A finite group is commutative if and only if all irreducible represen-
tations of the group are one-dimensional.

Proof. We have
jGj D

X
m2j ;

moreover, if all mj are equal to 1, then G has jGj different irreducible representa-
tions. Hence, each conjugacy class contains exactly one element which is equivalent
to commutativity of the group. Corollary 8.10 is proven. �
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8.3 On representations of Lie groups

Compact groups. Many assertions proven in §8.2 for finite groups remain valid for
compact Lie groups. Moreover, the proofs are similar and are obtained by changing
summation over the elements ofG with integration, i.e., “summation over a continuous
set of parameters”.

To define integration on an n-dimensional groupG, we have to prescribe a measure:
a smooth n-form

dg D f .g/dx1 ^ � � � ^ dxn;
where fxj g are local coordinates on G and f .g/ 	 0. The measure of a set U � G is
the value of the integral

�.U / D
Z
U

dg:

A measure is called right-invariant (left-invariant) if the form dg is invariant under the
right (left) translations:

rh W G 7! G; g 7! gh .lh W G ! G; g! hg/:

Lemma 8.6. (1) On every Lie group there is a right-invariant measure given by a
smooth n-form.

(2) On every Lie group there is a unique (up to multiplication by a constant) right-
invariant measure.

(3) A right-invariant measure on a compact Lie group is left-invariant.

Proof. Let c 2 R and C > 0. Take the form dg at the identity of the group G by the
formula

dg D cdx1 ^ � � � ^ dxn
and at g 2 G by the formula

dg D cr�
g .dx

1 ^ � � � ^ dxn/:
It is obvious that every right-invariant measure has the indicated form and is deter-
mined completely by the constant c. Measures corresponding to different constants
are proportional.

Suppose that the groupG is compact and the measure dg is right-invariant. Its left
translations l�

h
dg are also right-invariant, since the left and right translations commute.

Hence, l�
h
dg D chdg, where ch is a constant for each h 2 G. ButZ

G

dg D
Z
G

l�hdg D ch
Z
G

dg

and hence ch � 1. Lemma 8.6 is proven. �

A two-sided invariant measure on the group G is called a Haar measure.
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Theorem 8.7. Let G be a compact Lie group.
(1) Each finite-dimensional representation � W G ! GL.n;C/ is unitary and de-

composes into the direct sum of irreducible representations.
(2) Let � W G ! GL.m;C/ and ' W G ! GL.n;C/ be nonequivalent irreducible

representations given by unitary matrices. Then their entries satisfy the relations

.�rj ; 'sk/ D 0; .�rj ; �sk/ D 1

n
ıjkırs; (8.8)

where

.f1; f2/ D 1R
G
dg

Z
G

f1.g/f2.g/ dg: (8.9)

Assertion (1) is proven by analogy with Theorem 8.3 with the Hermitian product
(8.2) replaced by

.v; w/ D
Z
G

.�.g/v; �.g/w/ dg:

Assertion (2) is proven by analogy with its analogs for finite groups (Theorem 8.5)
with (8.3) replaced with (8.9). Here the volume

R
G
dg of the group is the analog of the

order jGj of the group G.
The proof of the analog of Theorem 8.4 is essentially more complicated; we give

the corresponding assertion without proof.

Theorem 8.8. Each compact Lie group has a faithful finite-dimensional representation
and consequently is linear.

Note that

• there are noncompact Lie groups which have no faithful finite-dimensional rep-
resentations.1

Denote by L2.G/ the space of complex-valued square integrable functions on G
with the inner product

. ; '/ D 1R
G
dg

Z
G

 .g/'.g/ dg:

This space contains all smooth functions and, in particular, the entries �jk of the
operators defining representations. Relations (8.8) demonstrate that these matrix entries
constitute an orthogonal system.

In the case of a finite group this system contains exactly jGj different functions
(Corollary 8.8) and, since dimL.G/ D jGj, we obtain

Theorem 8.9. The entries irreducible unitary representations of a finite group consti-
tute an orthogonal basis for L.G/.

1Such an example is given by the group BSL.2;R/, the universal covering group of SL.2;R/ (see, for
instance, [2], II, or [4]).
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If a groupG is not finite, thenL2.G/ is an infinite-dimensional Hilbert space (with
the Hilbert product (8.9)). By analogy with the case of finite groups, we might expect
that the entries generateL2.G/ in a sense. This is really true. To improve this assertion,
below we give Theorem 8.11 (without proof).

But first we need to introduce necessary notions and indicate the following fact
(again without proof).

Theorem 8.10. Irreducible representations of a compact Lie group are finite-dimen-
sional and their number is countable.

Examples. (1) SU.2/. For each n 	 0 define Vn as the vector space constituted
by all complex homogeneous polynomials of degree n in two variables z1; z2 2 C.
It is obvious that dim Vn D n C 1 and the polynomials of the form zk1 z

n�k
2 , where

k D 0; : : : ; n, constitute a basis for Vn. Define the representation �n W SU.2/ !
GL.Vn/ D GL.nC 1;C/ by the formula

�n.g/.f /.z1; z2/ D f .a11z1 C a21z2; a12z1 C a22z2/;
which can be written as

�n.g/.f /.z/ D f .g>z/;

where g D �
a11 a12
a21 a22

� 2 SU.2/, z D �
z1
z2

�
. It is easy to verify that this formula

determines a representation, since

�.g/�.h/.f /.z/ D �.h/.f /.g>z/ D f .h>g>z/ D f ..gh/>z/ D �.gh/.f /.z/:
For n D 0 we obtain the trivial representation: �.g/ � 1; and for n D 1, the

standard embedding SU.2/! GL.2;C/.

• The representations �n, n 	 0, are precisely all irreducible complex representa-
tions of SU.2/.

Since the dimensions of the representation spaces are different, these representations
are pairwise nonequivalent.

(2) SO.3/. We know that SU.2/=f˙1g D SO.3/ (see §7.3). For even values n
the representations �n possess the property �.1/ D �.�1/. It means that they descend
through SO.3/:

�2k W SU.2/! SU.2/=f˙1g D SO.3/! GL.2k C 1;C/:
• The representations �2k , k 	 0, are precisely all irreducible complex represen-

tations of SO.3/.
• The representations �2kC1, k 	 0, give rise to two-valued .spinor/ representa-

tions of SO.3/.
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Let f�lg1
lD1 be a complete system of irreducible representations of a groupG, and let

�l
jk

be the matrix entries of the unitary operators which determine these representations.
The Fourier series of a function f 2 L2.G/ is the series

f .g/ 

X
l;j;k

cljk�
l.g/jk;

where the Fourier coefficients cl
jk

are determined by the formula

cljk D
1p
nl
.f; �ljk/

and nl is the dimension of the representation �l .

Theorem 8.11. (1) (Peter–Weyl theorem) A continuous function on a compact group
G can be approximated by linear combinations of the functions �l

jk
with arbitrary

accuracy: for every " > 0, there is a finite linear combination
P
al
jk
�l
jk

such thatˇ̌
f .g/ �

X
aljk�

l.g/jk
ˇ̌
< "

for all g 2 G;
(2) The Fourier series of a function f 2 L2.G/ converges to f in the norm of

L2.G/:

lim
N!1

�
f �

X
l�N

cljk�
l.g/jk; f �

X
l�N

cljk�
l.g/jk

�
D 0I

consequently, the system of functions

1p
nl
�ljk

is a complete orthonormal system in L2.G/.

In the case G D U.1/ D R=2�Z we obtain the usual Fourier series of periodic
functions: the entries of the irreducible representations are the characters einx .

For noncommutative Lie groups the functions �l
jk

turn out to be special functions
and appear in mathematical physics as well as representation theory itself.

Note that the entries �l
jk

satisfy many special relations resulting from the simple
identity

�l.gh/ D �l.g/�l.h/; g; h 2 G:
In the case when � W SO.2/! GL.2/ is the standard embedding, we obtain the trigono-
metric summation theorems:

�.'/ D
�

cos' � sin '
sin ' cos'

�
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and the equality �.˛ C ˇ/ D �.˛/�.ˇ/ is equivalent to the identities

cos.˛ C ˇ/ D cos˛ cosˇ � sin ˛ sin ˇ;

sin.˛ C ˇ/ D sin ˛ cosˇ C cos˛ sin ˇ:

For multidimensional groups the summation theorems for special functions (matrix
entries) look essentially more complicated and follow from representation theory.

Noncompact groups. As a rule, unitary representations of noncompact Lie groups
are infinite-dimensional. Their study was connected with development of analysis on
these groups and construction of the analog of the Fourier transform.

Suppose that a group is unimodular; i.e., it has a two-sided invariant measure d�.
Denote by L1.G/ and L2.G/ the spaces of integrable and square integrable (with
respect to the measure d�) complex-valued functions on G.

The Fourier transform is defined as follows. We are given a space yG whose points
parameterize all irreducible unitary representations of the group G and a measure d O�
on it.

The Fourier transform of a function f 2 L1.G/ is defined by the equality

Of .�/ D T
.f / D
Z
f .g/T
.g/ d�;

where � 2 yG and T
 is the unitary representation corresponding to �. As we see, in
the case when the unitary representation is infinite-dimensional, the Fourier transform
of a function on a group is the integral of unitary operators in the Hilbert spaceH
 (the
space of the representation T
).

If f 2 L1.G/\L2.G/, then for almost all � (with respect to the measure d O�) the
operators T
.f / W H
 ! H
 are Hilbert–Schmidt operators; moreover, the Plancherel
formula holds: Z

G

jf .g/j2d� D
Z

yG
Tr.T
.f /T

�

 .f // d O�:

This correspondence extends to an isometry L2.G/ � L2. yG/.
For functions in an everywhere dense subspace A � L1.G/\L2.G/we can define

the inverse Fourier transform:

f .g/ D
Z

yG
Tr.T
.f /T

�

 .g// d O�:

At present, the Fourier transform (harmonic analysis) is constructed for a wide class of
noncompact Lie groups, including, actually, all cases interesting for applications.

To illustrate the basic concepts on harmonic analysis on noncompact Lie groups
we expose a couple of examples.
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Examples. (1) Rn (the classical Fourier transform). Since this group is commutative,
all irreducible representations are one-dimensional and coincide with the characters.
The unitary irreducible representations have the form

T
.x/ D ei.
;x/;
where � D yRn D Rn and .�; x/ DPn

iD1 �ixi . The Fourier transform takes the form

Of .�/ D
Z

Rn

f .x/ei.
;x/dx1 : : : dxn;

where d� D dx1 : : : dxn, and the inverse transform takes the form

f .x/ D 1

.2�/n

Z
Rn

Of .�/e�i.
;x/d�1 : : : d�n;

where d O� D .2�/�nd�1 : : : d�n.

(2) SL.2;R/. We denote the elements of this group by

g D
�
a b

c d

�
; ad � bc D 1;

or

g D
�
et 0

0 e�t
��

1 x

0 1

��
cos � sin �
� sin � cos �

�
:

The formula
d� D dt ^ dx ^ d�

determines a two-sided invariant measure on G D SL.2;R/.
Consider the irreducible representations TC



, T �



, � 2 R; � 	 0, and DC

n , D�
n ,

n D 1; 2; 3; : : : . All these representations are irreducible, unitary, and pairwise
nonequivalent. They do not exhaust the whole set yG but are sufficient for construction
of the Fourier transform.

First of all we describe these representations:
(a) TC



and T �



act on L2.R/ by the following formulas:

ŒTC


.g/f �.x/ D jbx C d ji
�1f

�
ax C c
bx C d

�
;

ŒT �

 .g/f �.x/ D sgn.bx C d/jbx C d ji
�1f

�
ax C c
bx C d

�
;

where f 2 L2.R/.
(b) Denote by Hṅ the Hilbert space of analytic functions in the half-plane

˙ Im z > 0 for which the integrals . ; /,  2 Hṅ , are finite, where

. ; '/ D
Z

˙ Im z>0
yn�1 .x; y/'.x; y/dxdy; z D x C iy:
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The last formula defines the inner product in Hṁ . The representations Dṅ are given
by the formulas

ŒDC
n .g/ �.z/ D .bz C d/�n�1 

�
az C c
bz C d

�
;

ŒD�
n .g/ �.z/ D .bz C d/�n�1 

�
az C c
bz C d

�
:

The Fourier transform has the form

Of .�;˙/ D
Z
f .g/T˙


 .g/ d�;
Of .n;˙/ D

Z
f .g/Dṅ .g/ d�;

and the Plancherel formula (for the group SL.2;R/) becomesZ
jf .g/j2d� D 1

8�2

Z 1

0

Tr.TC


.f /TC



.f /�/� tanh

��

2
d�

C 1

8�2

Z 1

0

Tr.T �

 .f /T

�

 .f /

�/� coth
��

2
d�

C
1X
nD1

2nŒTr.DC
n .g/D

C
n .g/

�/C Tr.D�
n .g/D

�
n .g/

�/�:

For the subspace A � L1.G/\L2.G/ constituted by all smooth compactly-supported
functions, the inverse Fourier transform is given by the formula

f .g/ D 1

4�2

Z 1

0

Tr.TC


.f /TC



.g/�/� tanh

��

2
d�

C 1

4�2

Z 1

0

Tr.T �

 .f /T

�

 .g/

�/� coth
��

2
d�

C
1X
nD1

2nŒTr.DC
n .f /D

C
n .g/

�/C Tr.D�
n .f /D

�
n .g/

�/�;

where f 2 A.
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Elements of Poisson and symplectic geometry

9.1 The Poisson bracket and Hamilton’s equations

In §2.7, considering the equation for geodesics on a surface we introduced the Euler–
Lagrange equations

d

dt

�
@L

@ Pxi
�
D @L

@xi
; i D 1; : : : ; n; (9.1)

which describe the extremals of the functional

S.�/ D
Z
�

L.x; Px/dt

on the space of curves on the manifold M n.
Consider the function

L.x; Px/ D m Px2
2
� U.x/;

wherem is the mass of a point body which moves in the n-dimensional Euclidean space
Rn. The point x 2 Rn determines the position of the body. The function U.q/ is called
the potential (or the potential energy). The Euler–Lagrange equations take the form

m Rxi D � @U
@xi

; i D 1; : : : ; n:

Introducing the notation for the momentum

pi D m Pxi ; (9.2)

we can write the above equations in the form of Newton’s equations

Ppi D � @U
@xi

; i D 1; : : : ; n: (9.3)

In terms of the variables x and p, equations (9.2) and (9.3) take the form of Hamil-
ton’s equations

Pxi D @H

@pi
; Ppi D �@H

@xi
; i D 1; : : : ; n; (9.4)

where the function

H.x; p/ D p2

2m
C U.x/
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is called the Hamiltonian function or the Hamiltonian.
To give the most general definition of Hamilton’s equations, rewrite (9.4) in the

form
Pxi D fxi ;H g; Ppi D fpi ;H g; i D 1; : : : ; n; (9.5)

where

ff; gg D
nX
iD1

�
@f

@xi
@g

@pi
� @f

@pi

@g

@xi

�
: (9.6)

A Poisson bracket on a smooth manifold M is a bilinear product

f; g! ff; gg
on the space C1.M/ of all smooth functions on M such that the space C1.M/ is a
Lie algebra with respect to this form; i.e., this product is antisymmetric:

ff; gg D �fg; f g;
and satisfies the Jacobi identity

ff; fg; hgg C fg; fh; f gg C fh; ff; ggg D 0I
moreover, it agrees with multiplication of functions in the sense that the Leibniz identity
holds:

ffg; hg D f fg; hg C gff; hg: (9.7)

In this case we say that a Poisson structure is given on M and M itself is called a
Poisson manifold.

The following lemma is proven by simple verification:

Lemma 9.1. Formula .9.6/ defines a Poisson bracket on C1.M/, where M is the
Euclidean space R2n with coordinates x1; : : : ; xn; p1; : : : ; pn.

Every smooth function H on a Poisson manifold M determines uniquely the dy-
namical system by formula

df

dt
D ff;H g (9.8)

which describes the change of the value of an arbitrary smooth function f along the
trajectories of this system. The so-obtained system is called a Hamiltonian system,
equations (9.8) are called Hamilton’s equations, and the functionH is called the Hamil-
tonian function or the Hamiltonian of the system.1

The advantage of representation of the equations of mechanics in the form of Hamil-
ton’s equations remained unclear until the discovery of quantum mechanics, when it

1Here and in the sequel we suppose that the Hamiltonian does not depend explicitly on time; i.e., it is a
function of the point of the Poisson manifold only.
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turned out that Hamilton’s equations provide a convenient method for quantization of
classical systems.2

In quantum mechanics, observables (in particular, coordinates and momenta) are associated
with operators. Consider one simple example. Suppose that we have a system with n degrees of
freedom for which there are given the coordinates x 2 Rn of position of the system and momenta
p 2 Rn. The state space of a quantum system (the space of wave functions) is a Hilbert space H .
Take H to be the space L2.Rn/ constituted by all square summable complex-valued functions
of the variables x1; : : : ; xn with the inner product

. ; '/ D
Z

Rn

 N' dx;

where dx D dx1 : : : dxn.
To the coordinate xi there corresponds the operator of multiplication by the function xi :

Xi .f /.x/ D xif .x/;

and to the momentum pi , the differential operator Pi :

Pi .f /.x/ D �i„@f .x/
@xi

;

where „ D h
2�

and h is the Planck constant. The domains of these operators are everywhere
dense in H . Physically important values are the mean values of the observables, namely the
mean value of an observable A in a state  is equal to

hAj i D .A ; / D
Z

Rn

.A / x dx:

Let H.x; p/ be the Hamiltonian of a classical system. Suppose, for simplicity, that it is the
sum of analytic functions of x and q:

H.x; p/ D F.x/CG.q/;
for example, it has the form

H D p2

2m
C U.q/;

where the function U.x/ expands in a converging series in the powers ofx. In quantum mechanics
this Hamiltonian is associated with the Hamiltonian operator

H.X;P / D F.P /CG.X/
which is obtained from H.x; p/ by the formal change of the variables xi and pi in the series
for F and G with the operators Xi and Pi . Note that the coordinate operators as well as the
momentum operators commute; therefore, the value of substitution is independent of the order of
these operators. In the general case, insertingXj and Pk in the analytic expression forH.x; p/,
we have to prescribe additionally the order of the operators Xj and Pj , which do not commute.

2For a detailed exposition of quantization of classical systems we refer the reader to P.A. M. Dirac, The
Principles of Quantum Mechanics. Fourth edition, Clarendon Press, Oxford 1958.
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Example (Harmonic oscillator.) Let n D 1 and consider the Hamiltonian function

H.x; p/ D p2

2m
C !2x2

2
:

The Hamiltonian operator is equal to

H D � „
2

2m

d2

dx2
C !2x2

2
:

The time evolution of the quantum system is described by the (nonstationary) Schrödinger
equation

i„d 
dt
D H :

A translation along the trajectories of this system by a time t is a transformation of the Hilbert
state space:

Tt W H ! H :

For some physical reasons, the operator H must be self-adjoint which implies that the transfor-
mation Tt is unitary (preserves the inner product) for all t :

.Tt ; Tt'/ D . ; '/:

Another description of the evolution is given by the Heisenberg equation

dA

dt
D fA;H gq

where
A.t/ D T�1

t A0Tt D T �
t A0Tt ;

A0 is the operator of the observable (at t D 0), f � ; � gq is the quantum Poisson bracket which is
equal to

fA;Bgq D 1

i„ .AB � BA/
for every pair of operators A and B . Moreover, note that

fXj ; Pkgq D fxj ; pkg D ıjk :

The first approach (the Schrödinger equation) assumes that the states change with time, and
the observables are preserved; while the second approach (the Heisenberg equation) assumes
that the observables change, and the states are preserved. However, the mean values of the
observables in both cases coincide:

hA.0/ .t/j .t/i D .A.0/Tt .0/; Tt t / D .T �
t A.0/Tt .0/;  .0// D hA.t/ .0/j .0/i:

Consequently, the physical pictures given by two approaches are equivalent.

We now return to Poisson manifolds.
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Lemma 9.2. LetM be a Poisson manifold and let x1; : : : ; xn be local coordinates in
a domain U ofM . Suppose that f and g are polynomials in the variables x1; : : : ; xn.
Then

ff; gg D @f

@xj
@g

@xk
fxj ; xkg D @f

@xj
@g

@xk
hjk.x/: (9.9)

Proof. Let f D .x1/k1.x2/k2 : : : .xn/kn D .x1/k1h.x2; : : : ; xn/. From the Leibniz
identity (9.7) we obtain

ff; gg D k1.x1/k1�1hfx1; gg C .x1/k1fh; gg D @f

@x1
fx1; gg C .x1/k1fh; gg:

Repeating these arguments forh D .x2/k2 : : : .xn/kn , eventually, we obtain the identity

ff; gg D @f

@xj
fxj ; gg;

which extends by linearity to all polynomials f . If g is another polynomial, then the
right-hand side of the last formula takes the form

@f

@xj
fxj ; gg D @f

@xj
@g

@xk
fxj ; xkg

and we obtain identity (9.9). The lemma is proven. �

It is obvious that identity (9.9) extends by linearity to functions f and g repre-
sentable by converging series in the powers of x1; : : : , xn. Henceforth we consider
only the Poisson bracket of the form (9.9).

Theorem 9.1. LetM be an n-dimensional manifold and let x1; : : : ; xn be local coor-
dinates in a domain ofM .

(1) If a Poisson bracket is given onM , then the valueshjk.x/ D fxj ; xkg constitute
an antisymmetric tensor of type .2; 0/ and the Poisson bracket in arbitrary coordinates
y1; : : : ; yn has the form

ff; gg D @f

@yj
@g

@yk
fyj ; ykg:

(2) Given an antisymmetric tensor hjk.x/, formula (9.9) defines an antisymmetric
bilinear form on the space of functions which satisfies the Leibniz identity.

This form satisfies the Jacobi identity (and hence is a Poisson bracket) if and only
if

hil
@hjk

@xl
C hjl @h

ki

@xl
C hkl @h

ij

@xl
D 0; j; k; l D 1; : : : ; n: (9.10)

Proof. (1) Apply formula (9.9) to the coordinate functions yk D yk.x1; : : : ; xn/,
k D 1; : : : ; n:

Qhlm D fyl ; ymg D @yl

@xj
@ym

@xk
fxj ; xkg D @yl

@xj
@ym

@xk
hjk :
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Consequently, the values hjk determine a tensor of type .2; 0/ which is obviously
antisymmetric: hjk D �hkj . Inserting the last formula in (9.9), from the chain rule
we derive

ff; gg D @f

@xj
@g

@xk
fxj ; xkg

D
�
@f

@yl
@yl

@xj

��
@g

@ym
@ym

@xk

�
fxj ; xkg

D @f

@yl
@g

@ym

�
@yl

@xj
@ym

@xk
fxj ; xkg

�

D @f

@yl
@g

@ym
fyl ; ymg:

(2) If the tensor hjk is antisymmetric then, obviously, formula (9.9) determines
an antisymmetric bilinear form which satisfies the Leibniz identity. Straightforward
calculations show that the following identity holds:

ff; fg; hgg C fg; fh; f gg C fh; ff; ggg
D @f

@xi
@g

@xj
@h

@xk
.fxi ; fxj ; xkgg C fxj ; fxk; xigg C fxk; fxi ; xj gg/:

Therefore, it suffices to verify the Jacobi identity for the coordinate functions xi ,
i D 1; : : : ; n. Making simple calculations again, we show that

fxi ; fxj ; xkgg C fxj ; fxk; xigg C fxk; fxi ; xj gg D hil @h
jk

@xl
C hjl @h

ki

@xl
C hkl @h

ij

@xl
;

where hij D fxi ; xj g; i; j D 1; : : : ; n. The lemma is proven. �

Corollary 9.1. For every antisymmetric tensor hij with constant coefficients .in coor-
dinates x1; : : : ; xn in a domain U � Rn/ formula (9.9) defines a Poisson bracket on
C1.U /.

The Hamiltonian system (9.8) generated by the Hamiltonian function H is a dy-
namical system on a Poisson manifold M and has a very simple coordinate form:

Px D vH .x/; viH D hik
@H

@xk
; i D 1; : : : ; n:

Since hik is a tensor of type .2; 0/ and the gradient grad f is a covector field, the
formula

f ! vf ; vif D hik
@f

@xk
; i D 1; : : : ; n; (9.11)

relates to each smooth function f onM the vector field vf . A vector field of the form
vf is called a Hamiltonian field.
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Corollary 9.2. Given two functions f andg on a Poisson manifoldM , the commutator
Œvf ; vg � of vector fields vf and vg is equal to

Œvf ; vg � D �vff;gg:

Proof. Write down explicitly the commutator of two vector fields:

Œvf ; vg �
i D hjk @f

@xk
@

@xj

�
hil

@g

@xl

�
� hjl @g

@xl
@

@xj

�
hik

@f

@xk

�

D @f

@xk
@g

@xl

�
hjk

@hil

@xj
� hjl @h

ik

@xj

�
C hjk @f

@xk
hil

@2g

@xj @xl

� hjl @g
@xl

hik
@2f

@xj @xk
:

Since all indices in the third term except i imply summation, we can make the following
permutation of indices without changing the result: j ! k, k ! l , and l ! j . From
antisymmetry of the tensor hjk and the Jacobi identity (9.10) we obtain

hjk
@hil

@xj
� hjl @h

ik

@xj
D hjk @h

il

@xj
C hjl @h

ki

@xj
D �hj i @h

lk

@xj
:

Making the substitution, from the last identity we derive

Œvf ; vg �
i D �hj i @h

lk

@xj
@f

@xk
@g

@xl
C hjk @f

@xk
hil

@2g

@xj @xl
� hkj @g

@xj
hil

@2f

@xk@xl

D �hj i @h
lk

@xj
@f

@xk
@g

@xl
C hjkhil @

@xl

�
@f

@xk
@g

@xj

�

D �hli @h
jk

@xl
@f

@xk
@g

@xl
C hjkhil @

@xl

�
@f

@xk
@g

@xj

�
(here we interchanged the indices j and l in the first term)

D hil @
@xl

�
hjk

@f

@xk
@g

@xk

�

D hil @fg; f g
@xl

D �hil @ff; gg
@xl

:

The corollary is proven. �

At each point x 2 M the Poisson bracket is determined by the matrix hjk and its
rank is called the rank of the Poisson bracket at x.

Suppose that the Poisson bracket has full rank at each point. Then the matrix hjk

at each point is invertible: there is an antisymmetric tensor hjk such that

hjkh
kl D ılj
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everywhere. In this case we say that M is a symplectic manifold, and the 2-form

! D
X
j<k

hjkdx
j ^ dxk

is called the symplectic form.
Note that the form ! is nondegenerate by definition: the matrix hjk has full rank at

each point or, which is the same, for each tangent vector � ¤ 0 attached to an arbitrary
point, there is another tangent vector � attached to the same point such that

!.�; �/ D hjk�j�k ¤ 0:

It is well known from linear algebra that an antisymmetric nondegenerate 2-form in a
vector space always reduces, in appropriate coordinates p and q, to the form

kX
iD1

dpi ^ dqi ; n D 2k:

Thus, we have the following lemma:

Lemma 9.3. (1) The Poisson bracket at each point has an even rank.
(2) A symplectic manifold is even-dimensional.

Consider the question when a nondegenerate 2-form determines a Poisson bracket.

Theorem9.2. If! DPj<k hjkdx
j^dxk is a nondegenerate2-form, then the formula

ff; gg D hjk @f
@xj

@g

@xk
; hjkh

kl D hlkhkj D ılj ;

determines a Poisson bracket if and only if this form is closed:

d! D 0:

Proof. An antisymmetric tensor hjk determines a Poisson bracket if and only if

hil
@hjk

@xl
C hjl @h

ki

@xl
C hkl @h

ij

@xl
D 0

for all i , j , and k (Theorem 9.1). Multiply the above relation by hrihjshkt and contract
terms with coinciding upper and lower indices, i.e.,sum over i , j , and k:

hrihjshkt

�
hil
@hjk

@xl
C hjl @h

ki

@xl
C hkl @h

ij

@xl

�
D 0: (9.12)
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Consider, for example, the first summand on the left-hand side:

hrihjshkth
il @h

jk

@xl
D ılrhjshkt

@hjk

@xl

D hjshkt @h
jk

@xr

D hjs
�
@hjkhkt

@xr
� hjk @hkt

@xr

�

D hjs
�
@ı
j
t

@xr
� hjk @hkt

@xr

�

D �hjshjk @hkt
@xr

D ıks
@hkt

@xr
D @hst

@xr
:

Transforming similarly the other summands in (9.12), we find that (9.12) is equivalent
to the fact that the relations

arst D @hst

@xr
C @htr

@xs
C @hrs

@xt
D 0

hold for all r , s, and t ; but the last is equivalent to the fact that the form ! is closed,
since

d! D
X
r<s<t

arstdx
r ^ dxs ^ dxt :

The theorem is proven. �

Thereby we arrive at the classical definition of a symplectic manifold:

• a manifold M is called symplectic if a nondegenerate closed 2-form ! is given
on M ; this form is called the symplectic form and determines the symplectic
structure on M .

The Poisson bracket on a symplectic manifold can also be written in the form

ff; gg D �!.vf ; vg/ D !.vg ; vf /:
Indeed, expand the right-hand side of the last formula:

!.vg ; vf / D hjl
�
hjk

@g

@xk

��
hli

@f

@xi

�
D ıijhjk

@g

@xk
@f

@xi
D hik @f

@xi
@g

@xk
D ff; gg:

For completeness of exposition we give another important definition:

• an n-dimensional submanifold L of a 2n-dimensional symplectic manifold M
is called Lagrangian if the restriction of the symplectic form ! onto L vanishes:
!jL D 0.

We will not discuss Lagrangian submanifolds. However we remark that they play
an important role, in particular, in the theory of partial differential equations (see, for
instance, [4]).
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9.2 Lagrangian formalism

1 Lagrangian formalism. Suppose that a smooth function L.x; Px/ is given on the
tangent bundle TM n of an n-dimensional manifold M n, where x 2 M n and Px is a
tangent vector to M n at x. This function determines a Lagrangian system as follows.

The points of the space M n determine different configurations (positions) of this
system; therefore, the space M n is called the configuration space. The trajectories of
the system are found from the Maupertuis–Fermat variational principle (the principle
of least action):

• each part �0.t/, t 2 Œa; b�, of a trajectory �0 is an extremal of the functional

S.�/ D
Z
�

L.x; Px/ dt

defined on the space all piecewise smooth curves �.t/, t 2 Œa; b�, with the same
endpoints as �0.t/: �.a/ D x.a/, �.b/ D x.b/.

In §2.7, for two-dimensional manifolds, we proved Theorem 2.8 which claims that a
curve x.t/ is an extremal of S if and only if the Euler–Lagrange equations are satisfied
along this curve:

d

dt

�
@L

@ Pxi
�
D @L

@xi
; i D 1; : : : ; n: (9.13)

The proof given in §2.7 can be translated without changes to the general case of man-
ifolds M n of arbitrary dimension. Recall that the function L.x; Px/ is called the La-
grangian or the Lagrangian function of the system.

We see that a trajectory of the system is determined uniquely not only by its position
at every given time t D t0 but the pair of values: its position x 2M n and the velocity
vector Px D dx

dt
at t D t0. We obtain a dynamical system on the space TM n called the

phase space of the dynamical system.
The energy (of a Lagrangian system) is the following (scalar) value:

E D Pxi @L
@ Pxi � L;

and the momentum is the covector p with coordinates

pi D @L

@ Pxi ; i D 1; : : : ; n:
The force is the covector f with coordinates

fi D @L

@xi
; i D 1; : : : ; n:

In terms of these covectors the Euler–Lagrange equations take the form of Newton’s
law:

Pp D f:
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The variational derivative of a functional S is defined as

ıS

ıxi .t/
D @L

@xi
� d

dt

�
@L

@ Pxi
�
I

by definition, it equals zero for all values of t and i precisely for the extremals of S
(as in the finite-dimensional case when we speak of a function and its derivatives). Its
meaning is rather simple: if we consider a small variation

x.t/! x.t/C "�.t/

of a smooth curve x.t/; t 2 Œa; b�, where �.t/ is a tangent vector field along the curve
(�.t/ is a tangent vector at x.t/ for every t ) with �.a/ D �.b/ D 0, then we obtain the
formal decomposition

S.x C "�/ D S.x/C "
Z

ıS

ıxi .t/
�idt CO."2/

(this formula was established in the proof of Theorem 2.8).

Lemma 9.4. (1) (Energy conservation law). The energy of a system is conserved along
the trajectories of the flow:

dE

dt
D 0:

(2) ( Momentum conservation law). If the Lagrangian does not depend explicitly on
a variable xi then the corresponding coordinate of the momentum is conserved along
the flow: Ppi D 0.

Proof. (1) Straightforward calculations show that

dE

dt
D d

dt

�
Pxi @L
@ Pxi � L

�

D Rxi @L
@ Pxi C Px

i d

dt

�
@L

@ Pxi
�
� @L

@xi
Pxi � @L

@ Pxi Rx
i

D Pxi
�
d

dt

�
@L

@ Pxi
�
� @L

@xi

�
D 0:

(2) We have

Ppi D @L

@xi
D 0:

The lemma is proven. �



9.2. Lagrangian formalism 165

2 Examples of Lagrangian systems. (a) Consider the classical problem of motion
of a point mass in the n-dimensional Euclidean space in a potential field U.x/:

L.x; Px/ D m Px2
2
� U.x/;

where x 2 Rn andU.x/ is the potential energy. The total energy of the body is the sum

E D m Px2
2
C U.x/

of the kinetic energy T D m Px2

2
and the potential energyU.x/.3 The momentum equals

p D m Px and, if the potential energy is zero, i.e., U.x/ D 0, then the momentum is
conserved.

(b) Now, consider the motion of a point mass in a nonhomogeneous medium, where
the kinetic energy is the scalar square of the velocity vector (times m

2
) calculated by

means of a more general Riemannian inner product. We have

L.x; Px/ D m

2
gik.x/ Pxi Pxk � U.x/; (9.14)

where x 2M n and gik is a Riemannian metric on the manifold M n. The momentum
equals

pi D gikxk
and in the absence of a potential field (U.x/ D 0) we obtain (as the Lagrangian system)
the geodesic flow on M n.

(c) Extend the previous Lagrangian system by adding the magnetic field and as-
suming that the point mass has charge e. By the Maxwell equations, the magnetic field
is given by the closed 2-form

F D
X
i<k

Fikdx
i ^ dxk

which determines the contribution of the magnetic field in the Euler–Lagrange equa-
tions:

@L0

@xi
� d

dt

�
@L0

@ Pxi
�
C eFik Pxk D 0;

whereL0 is the Lagrangian of the form (9.14) or simply the Lagrangian of some system
without the magnetic field. If the form F is exact; i.e., there is a 1-form Aidx

i such
that F D dA, then the presence of the magnetic field results in the following change
of the Lagrangian:

L0 ! L0 C eAi Pxi :
3In mechanics, Lagrangian systems with the Lagrangian L D T �U (the difference of the kinetic and

potential energies) are called natural mechanical systems.
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In the general case we can make it only locally: take a domain U in which all 2-forms
are exact (this is true, for example, in every domain homeomorphic to the interior of
the n-dimensional ball) and consider the form AU D AUi dxi in this domain such that
dAU D F in U . Then the trajectories of the system in U satisfy the Euler–Lagrange
equations for the modified Lagrangian

LU D L0 C eAUi Pxi :
If a curve � lies simultaneously in two such domainsU and V , then we have the values
of two such functionals SU D R

LUdt and SV D R
LV dt (or, more exactly, two

branches of the multivalued functional) whose variational derivatives coincide:4

ıSU

ıxi .t/
� ıSV

ıxi .t/
; x.t/ � U \ V:

The trajectories of the Lagrangian system with the Lagrangian (for curves lying in
domains U )

LU .x; Px/ D gik.x/ Pxi Pxk C AUi .x/ Pxi ;
where dAU D F is a globally defined 2-form, are now called magnetic geodesics.

9.3 Examples of Poisson manifolds

1 TheLegendre transform: passage from theLagrangian formalism to theHamil-
tonian formalism. The canonical Poisson bracket on the cotangent bundle. We
are not going to give the general definition of the Legendre transform. In the case in
question it determines the passage from the function L.x; Px/ of the variables x and Px
to the function H.x; p/ of the variables x and p by the following formulas:

L.x; Px/! H.x; p/ D pi Pxi � L.x; Px/; pi D @L

@ Pxi ; i D 1; : : : ; n:

Naturally, we assume that these formulas determine a one-to-one change of variables
.x; Px/ ! .x; p.x; Px// and the variable Px in the formula for H.x; p/ is considered as
a function of x and p.

In the new variables x and p the Euler–Lagrange equations take the Hamiltonian
form. Indeed, write down the differential of H.x; p/:

dH D Pxidpi C pid Pxi � @L

@xi
dxi � @L

@ Pxi d Px
i ;

4This is a general procedure for obtaining multivalued functionals with correctly defined Euler–Lagrange
equations which appear not only in problems of mechanics but also in quantum field theory (the Wess–
Zumino–Novikov–Witten functional). For detailed exposition see Supplement 1 (by S. P. Novikov) to [2], III.
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which is equal to

dH D Pxidpi � @L

@xi
dxi

by the Euler–Lagrange equations. This equality means that

Pxi D @H

@pi
; Ppi D @L

@xi
D �@H

@xi
I

i.e., we obtain Hamilton’s equations

Pxi D fxi ;H g; Ppi D fpi ;H g
for the Poisson structure

fxi ; pkg D ıik; fxi ; xkg D 0; fpi ; pkg D 0; i; k D 1; : : : ; n: (9.15)

We conclude that if x.t/ is a trajectory of the Lagrangian system, then .x.t/; p.t//
is a trajectory of the Hamiltonian system with H D pi Pxi � L. It is easy to verify
that the converse is also true; therefore, the Lagrangian and Hamiltonian systems are
equivalent.

Note that p D @L
@ Px is a covector and therefore the phase space of the Hamiltonian

system is the cotangent bundle T �M n of the configuration space M n (see §3.3).
On the cotangent bundle T �M n we have the Poisson structure (9.15) which already

appeared above. It is easy to verify that this structure is symplectic. The corresponding
symplectic form on the cotangent bundle is equal to

! D dpi ^ dxi (9.16)

(here and in the sequel the repeated index i implies summation). The coordinates x
and p in which the symplectic form takes the shape (9.16) are called canonical.

The Hamiltonian coincides with the energy of the Lagrangian system:

H D E D Pxipi � L:
In this event, the energy conservation law goes into the identity which follows obviously
from the anticommutativity of the Poisson bracket:

dH

dt
D fH;H g D 0:

In general, a function F whose values do not change along the trajectories of the
Hamiltonian system:

PF D fF;H g D 0;
is called a first integral (or integral of motion) of the system. The Hamiltonian is always
a first integral of the system generated by it.5

5Recall that we suppose that the Hamiltonian does not depend explicitly on time. The situation when
this is not true is discussed below in §9.5.
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Consider the example of a natural mechanical system with the LagrangianL.x; Px/ D
1
2
gik Pxi Pxk � U.x/. We have

pi D gik Pxk; H.x; p/ D 1

2
gikpipk C U.x/; (9.17)

where gijgjk D ıik . In particular,

• the geodesic flow on a Riemannian manifoldM n with a metric gik is the Hamil-
tonian system on the cotangent bundle T �M n with the Hamiltonian (9.17) with
U D 0 and the Poisson structure (9.15).

2 The magnetic Poisson bracket on the cotangent bundle. If the magnetic field is
given by an exact form F D dA, then construction of the Hamilton formalism for the
magnetic geodesics is plain: instead of (9.17) we have

pi D gik Pxk C eAi ; H D 1

2
gik.pi � eAi /.pk � eAk/;

where the Poisson structure has the form (9.15). Note that this method does not work
if the covector fieldA is not given globally. However, there is a quite general approach
based on changing the Poisson structure. If F DPi<k Fikdx

i ^ dxk is the magnetic
field, then the 2-form

! D dpi ^ dxi C F
on T �M n is still nondegenerate and closed (recall that dF D 0). This form is called
the twisted symplectic form and to this form there corresponds the magnetic (or twisted)
Poisson bracket on the cotangent bundle:

fxi ; pkg D ıik; fxi ; xkg D 0; fpi ; pkg D Fik.x/; i; k D 1; : : : ; n:
It is easy to check that the Hamiltonian system with this Poisson bracket and the
Hamiltonian

H D 1

2
gikpipk

is the magnetic geodesic flow (to this end, it suffices to insert pi D gik Pxk into Hamil-
ton’s equations).

3 The Lie–Poisson bracket. Let x1; : : : ; xn be coordinates in Rn.6 Consider the
following simple question:

When does the formula
fxi ; xj g D ckijxk (9.18)

determine a Poisson bracket?
6Here we deliberately use subscripts, since Rn will be identified with the dual space of some Lie algebra g.
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Here ckij are constant and independent of x. Obviously, we have to require the

symbols ckij be antisymmetric in the subscripts:

ckij D �ckji ; i; j; k D 1; : : : ; n:
By Theorem 9.1, this is necessary and sufficient for the expression (9.18) to be anti-
symmetric in f and g and satisfy the Leibniz identity. Moreover, by the same theorem,
for validity of the Jacobi identity, it is necessary and sufficient that hij D ckijxk satisfy
relations (9.10). Expand these relations and obtain

cmil xmc
l
jk C cmjlxmclki C cmklxmclij D .cmil cljk C cmjlclki C cmklclij /xm D 0:

Since these identities must hold for all x, they are equivalent to the identities

cmil c
l
jk C cmjlclki C cmklclij D 0;

which mean precisely that ckij are the structure constants of some Lie algebra (see §7.2).
Thus, the relations

Œei ; ej � D ckij ek
determine a Lie algebra g.

Theorem 9.3. Formula (9.18) determines a Poisson bracket on Rn (linear in the co-
ordinates) if and only if ckij , i; j; k D 1; : : : ; n, are the structure constants of some
n-dimensional Lie algebra.

The bracket (9.18) is called the Lie–Poisson bracket. It is natural to consider it as a
bracket on the dual space g� of the Lie algebra g, i.e., the space constituted by all linear
functionals on the algebra g. In this case the elements of the Lie algebra determine the
functions x1; : : : ; xn on the space g� by the rule x.f / D f .x/, x 2 g, f 2 g�.

Consider one important example, namely the Poisson bracket connected with the
algebra so.3/ constituted by all anti-symmetric matrices of order 3. We have

ckij D "ijk D

8̂<
:̂
1 if the permutation

�
1 2 3
i j k

�
is evenI

�1 if the permutation
�
1 2 3
i j k

�
is oddI

0 if at least two of the indices i , j , and k coincide:

Since the space R3 is odd-dimensional, this Poisson bracket is not symplectic. It is
easy to verify that

ff; x21 C x22 C x23g D 0 for all f :

Problem 9.1. Prove that we can correctly restrict the Poisson bracket corresponding
to the algebra so.3/ to every sphere of the form

x21 C x22 C x23 D c ¤ 0;
obtaining thereby a symplectic manifold.
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Consider the Hamiltonian system determined by the quadratic Hamiltonian

H D 1

2

�
x21
A
C x22
B
C x23
C

�
with respect to this bracket (see Problem 9.1). After the changes

p D �x1
A
; q D �x2

B
; r D �x3

C
;

Hamilton’s equations

Pxi D fxi ;H g D @H

@xj
ckijxk; i D 1; 2; 3;

take the form

A Pp D .B � C/qr; B Pq D .C � A/pr; C Pr D .A � B/pq:
For positive values of A, B , and C we obtain the equations of motion of a (three-
dimensional) rigid body around a fixed point (Euler’s equations). Moreover, the con-
stants A, B , and C are the moments of inertia of the body.

9.4 Darboux’s theorem and Liouville’s theorem

Theorem 9.4 (Darboux’s theorem). Let M be a Poisson manifold. If, in a neighbor-
hood U of y0 2M , the Poisson bracket has constant rank equal to 2m, then there are
a neighborhood V � U of the point y0 and local coordinates x1; : : : ; xm; p1; : : : ; pm,
and z1; : : : ; zn�2m in this neighborhood such that the Poisson bracket in the whole
domain V takes the form

fxi ; pj g D ıij ; fxi ; zkg D fpj ; zkg D 0; (9.19)

where i; j D 1; : : : ; m and k D 1; : : : ; n � 2m.

Such coordinates on a Poisson manifold are called canonical coordinates. In the
symplectic case when n D 2m, we obtain canonical coordinates on a symplectic
manifold.

Proof. Let y1; : : : ; yn be local coordinates in U . If the Poisson bracket is identically
zero in a neighborhood of y0 (m D 0):

fyi ; yj g D hij D 0; i; j D 1; : : : ; n;
then we can take z1; : : : ; zn to be arbitrary coordinates in this neighborhood.
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Ifm ¤ 0, then takex1 to be a functionf for which the vector vf is nonzero aty0 and
hence in its small neighborhood (recall that its coordinates are equal to vi

f
D hik @f

@yk ).
The function f considered as a Hamiltonian generates some Hamiltonian system;
take p1 to be the function p1 D t , where t is the time coordinate for this Hamiltonian
system.

We now give a rigorous definition. It is well known from the theory of ordinary
differential equations that if a smooth vector field v is nonzero at y0, i.e., v.y0/ ¤ 0,
it can be linearized by a change of coordinates. This means that in a neighborhood U 0
of the point y0 we can introduce coordinates u1; : : : ; un in which the field v takes the
form

v D .1; 0; : : : ; 0/:
For v D vx1 we put p1 D �u1. By construction,

Pp1 D �Pt D �1 D fp1; x1g D �fx1; p1g:
Since x1 is conserved along the vector field vx1 , we have x1 D x1.u2; : : : ; un/.

The function p1 also generates a Hamiltonian system with the vector field vp1
. The

vector fields vx1 and vp1
commute, since

Œvx1 ; vp1
� D �vfx1;p1g D 0

(the function fx1; p1g is constant), and the function p1 is conserved along the trajec-
tories of the field vp1

(as the Hamiltonian of the system). Therefore,

vp1
D .0;�; : : : ;�/; vp1

D vp1
.u2; : : : ; un/

(the first equality follows from the conservation of p1 and the second, from the fact
that the fields commute).

Now, we linearize the fieldvp1
, replacingu2; : : : ; unwith coordinatesw0; : : : ; wn�2

such that
vp1
D .1; 0; : : : ; 0/:

Moreover, take w0 to be x1.
Eventually, in a neighborhood zU of y0 (perhaps smaller than U ) we obtain coordi-

nates x1; p1; w1; : : : ; wn�2 in which the Poisson bracket has the form

fx1; p1g D 1; fx1; wig D fp1; wig D 0; i D 1; : : : ; n � 2:
If n � 2 D 0, then these are the sought coordinates. If n � 2 > 0, then we

repeat the above procedure for the coordinatesw1; : : : ; wn�2 until we obtain the sought
coordinates. The theorem is proven. �

Corollary 9.3. In a neighborhood of each point of a symplectic manifold we can
introduce canonical coordinates, i.e., coordinates x1; : : : ; xn; p1; : : : ; pn in which the
symplectic form has the shape

! D dpi ^ dxi : (9.20)
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Corollary 9.4. On a symplectic manifold there is a nowhere zero volume form

d� D !nI
in particular, a symplectic manifold is always orientable.

Indeed, in the canonical coordinates we have

1

nŠ
!n D dp1 ^ dx1 ^ � � � ^ dpn ^ dxn ¤ 0;

and as a positively oriented basis for the tangent space at the point we can take a basis
e1; : : : ; e2n such that

!n.e1; : : : ; e2n/ > 0:

This determines an orientation on M .
Note that, if a symplectic manifold M is closed (compact and without boundary),

then the form !n cannot be exact. Otherwise, if !n D d
 , then by the Stokes formula
we would have Z

M

!n D
Z
M

d
 D
Z
@M


 D 0;

since the boundary @M is empty. But this contradicts the fact that
R
M
d� > 0. Hence,

all forms !;!2; : : : ; !n�1 are not exact: otherwise, if !k D d� , then we would have
!n D d.� ^ !n�k/. This is a very strong topological constraint on symplectic mani-
folds. It means that the real cohomology classes Œ!k�, k D 1; : : : ; n, are nonzero.7 For
example, among all spheres only the two-dimensional sphere S2 carries a symplectic
form.

Canonical coordinates enable us to simplify essentially the proof of the following
theorem:

Theorem 9.5. LetM be a symplectic manifold.
(1) The symplectic form ! is preserved along the trajectories of the Hamiltonian

system onM :
P! D 0:

(2) If the symplectic form is preserved along the trajectories of a vector field v on
M , then v is locally Hamiltonian: in some neighborhood U of each point x 2 M ,
there is a smooth function f such that

v D vf in U:

Proof. In canonical coordinates we have

P! D d Ppi ^ dxi C dpi ^ d Pxi :
7An explanation of what it means can be found, for example, in [4].
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If the system is Hamiltonian, then we can rewrite the right-hand side of the last relation
as

�d
�
@H

@xi

�
^ dxi C dpi ^ d

�
@H

@pi

�
D �d

�
@H

@xi
dxi C @H

@pi
dpi

�
D �d.dH/ D �d2H D 0;

since d2 � 0.
If P! D 0 along the trajectories of the field v D . Px; Pp/, then

0 D d Ppi ^ dxi C dpi ^ d Pxi D �d. Pxidpi � Ppidxi /:
It is well known from calculus that if, in a simply connected domain U � Rn, the
differential of a 1-form ˛ is zero, then this form is the differential of some smooth
function f in U :

˛ D df:
For ˛ D Pxidpi � Ppidxi (here the repeated index i implies summation) we find that in
a small neighborhood of each point we have a function f D H such that

Pxi D @H

@pi
; Ppi D �@H

@xi
; i D 1; : : : ; nI

i.e., the field v is locally Hamiltonian. The theorem is proven. �

A transformation of the space

' W R2n ! R2n

with coordinates x1; : : : ; xn; p1; : : : ; pn is called canonical if it preserves the form
(9.20). In general, this term is now used for transformations of an arbitrary symplectic
manifold M which preserves the symplectic form !.

The assertion (1) of Theorem 9.5 means that translations along the trajectories of
Hamiltonian vector fields are canonical transformations.

Corollary 9.5 (Liouville’s theorem on the volume preservation). AHamiltonian system
preserves the volume form

d� D !n D ! ^ � � � ^ !„ ƒ‚ …
n

on the phase spaceM .

Indeed,
d!n

dt
D n P! ^ !n�1 D 0;

since P! D 0.
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This corollary makes it possible to study Hamiltonian systems by the methods
of ergodic theory which deals with measure-preserving transformations of measure
spaces.

As we see, the Poisson bracket can be degenerate. A function f such that

ff; gg D 0 for all g

is called a Casimir function (or simply a casimir) of the bracket.
In general, every algebraAwith commutative multiplication and a bilinear operation

a; b ! fa; bg
which is antisymmetric and satisfies the Jacobi identity and the Leibniz identity

fab; cg D afb; cg C bfa; cg
is called a Poisson algebra. The elements z of the center ZA:

fz; ag D 0 for all a 2 A;
of the algebra A are called Casimirs.

A symplectic leaf is a submanifold L of a Poisson manifold M such that
(1) the rank of the Poisson bracket at the points of L is equal to the dimension of L

and the manifold L carries a symplectic form !L which generates the Poisson bracket
f � ; � gL on L;

(2) if f and g are functions onM , then their Poisson bracket ff; gg at the points of
L coincides with ff jL; gjLgL (here f jL and gjL are the restrictions of f and g to L):

ff; ggjL D ff jL; gjLgL:

Examples. (1) Suppose that the rank of the bracket is constant in a domain U and we
have canonical coordinates:

fxi ; pj g D ıij ; fxi ; zkg D fpj ; zkg D 0:
Casimirs in the Poisson algebra C1.U / are precisely all functions of the z-variables
and the symplectic leaves are the submanifolds z1 D c1; : : : ; zn�2m D cn�2m, where
c1; : : : ; cn�2m are constants. The symplectic forms on these leaves are given by the
formula !L D dpi ^ dxi .

(2) For the Lie–Poisson bracket on R3 connected with the algebra so.3/, the
Casimirs constitute the ring of functions of the form f .x1; x2; x3/ D h.x21Cx22Cx23/.
The symplectic leaves are the spheres

x21 C x22 C x23 D c
of dimension 2 for c ¤ 0 and 0 for c D 0.

These two examples lead to the following important constructions:
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(a) Foliation into symplectic leaves. Consider all Hamiltonian vector fields vf . At
each point x 2M the values vf .x/ of the Hamiltonian vector fields generate a subspace
Px � TxM of the tangent space TxM at the point x. Every nonzero vector in Px has
the form vf ; moreover, if t is the time coordinate for the Hamiltonian system with
H D f , then ft; f g D 1 (see the proof of Darboux’s theorem), and therefore the rank
of the Poisson bracket at x is equal to the dimension of Px; in particular, it is even.

Since Œvf ; vg � D �vff;gg, the Hamiltonian fields constitute a subalgebra of the
Lie algebra of vector fields. By the Frobenius theorem, for a small neighborhood U
of each point x there is a submanifold L embedded into U such that at every point
y 2 L the tangent space of L is Py . The whole neighborhood U foliates into such
submanifolds which are symplectic leaves. Note that, for each point, there is exactly
one symplectic leaf passing through this point. The leaf L extends naturally to some
subset also denoted by L �M which is the image of (possibly improper)8 embedding
of the symplectic manifold into M . Such sets L are also called symplectic leaves.

We arrive at the following conclusion:

• A Poisson manifold foliates into a disjoint union of symplectic leaves and this
representation is unique.

(b) Symplectic leaves of the Lie–Poisson bracket. Let g� D Rn be the space of
linear functions on the Lie algebra g of a group G. A Lie–Poisson bracket is given
on g�.

Take x 2 g�. Consider the space Px constituted by the values of all Hamiltonian
fields vf at x. The value of a field vf at a given point depends only on the linear part
of the Taylor series expansion of the function f and therefore, to obtain the whole
spacePx , it suffices to consider only linear functions a.x/ D aixi . The space of linear
functions on g� coincides with the Lie algebra g:

a.x/ D x.a/; x 2 g�; a 2 .g�/� D g:

The Hamiltonian vector fields at x D .x1; : : : ; xn/ (recall that we use subscripts for
coordinates in g�) take the values

.va.x//j D ckijxkai ; j D 1; : : : ; n:

Considering them as elements in g�, we see that their values at b 2 g are equal to

va.x/.b/ D ckijxkaibj D xk.Œa; b�/k D x.Œa; b�/: (9.21)

8Recall that a map is proper if the inverse image of each compact set is compact. A typical example of
an improper embedding is an irrational winding of the torus T 2 with angular coordinates '1 and '2 defined
modulo integer numbers. This winding has the form: t 2 R !  .t/ D .t; ˛t/ 2 T 2, where ˛ is an
irrational number. We have  .t1/ ¤  .t2/ for t1 ¤ t2, d ¤ 0 everywhere, and the closure of  .R/
coincides with the whole torus. Similar situations appear also for symplectic leavesL in Poisson manifolds.
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Recall that to each element a 2 g of the Lie algebra there corresponds the one-
parameter subgroupF.t/ D eat 2 G (for matrix groups it has the form of the exponen-
tial function of matrices at ). On the Lie group we have families of diffeomorphisms:
the left and right translations:

Lg W G ! G; Lg.x/ D gxI Rg W G ! G; Rg.x/ D xg;
where g; x 2 G (for matrix groups G these are the left and right multiplications by
a matrix g 2 G). The differentials of the right and left translations determine the
following commuting maps of the tangent spaces:

L�
g W TxG ! TgxG; R�

g W TxG ! TxgG;

and generate, by the obvious rules

p.L�
gv/ D L�

g�1.p/.v/; p.R�
gv/ D R�

g�1.p/.v/;

the maps of the cotangent spaces: L�
g W T �

gxG ! T �
x G and similarly for R�

g . The
composition of commuting diffeomorphisms Lg and Rg�1 is an inner automorphism
of the group:

x ! gxg�1;
and the differential of this map at the identity determines the action of G on the Lie
algebra g:

Adg D L�
gR

�
g�1 W g ! g:

We obtain the adjoint representation of Adg ; for matrix groups it has a very simple
form:

Adg.a/ D gag�1; g 2 G; a 2 g:

This representation generates the coadjoint representation of Ad�
g on g�:

.Ad�
g.x//.a/ D x.Adg.a//; x 2 g�; a 2 g; g 2 G:

Consider the differential of the map Adg at the identity:

d

dt
Adeat .b/ D ada.b/:

For linear groups we obviously have

ada.b/ D d

dt
.eatbe�at / D ab � ba D Œa; b�I

moreover, this formula is valid in the general case (to show this, it suffices to use the
Taylor series expansion of the multiplication at the identity of the group as in §7.2).
Note that for the differential ad� of the coadjoint representation we have

ad�
a.x/.b/ D x.ada.b// D x.Œa; b�/
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and compare this formula with (9.21). We see that the values of the Hamiltonian vector
fields at x coincide with the tangent fields to the orbit of the coadjoint representation
at x.

Hence, we conclude that

• the orbits of the coadjoint representation of the group G are symplectic leaves
of the Lie–Poisson bracket on g�.

9.5 Hamilton’s variational principle

Since the Hamiltonian H is conserved by a Hamiltonian system, every trajectory of
this system lies completely on some level surface Mc D fH D cg.

Consider the case when the hypersurfaceMc is a smooth submanifold in the initial
symplectic manifoldM (with the symplectic form !). In this case the manifoldMc is
odd-dimensional and the restriction of the form ! to Mc cannot be nondegenerate. At
each point x 2Mc the tangent space ofMc contains a nonzero subspace Ax called the
annihilator of the form ! such that

!.�; �/ D 0 for all � 2 Ax; � 2 TxMc I
i.e., the linear form l.�/ D !.�; �/ is identically zero.9

If Ax contained two linearly independent vectors �1 and �2, then for every tangent
vector � at x such that � and TxMc generate the whole tangent space of M , we could
choose numbers a1 and a2 such that

!.a1�1 C a2�2; �/ D 0
and the vector a1�1 C a2�2 would lie in the annihilator of the form ! on the whole
tangent space of M . But this is impossible, since the form ! is nondegenerate by
definition. Consequently, at each point of Mc the annihilator Ax is one-dimensional.

We say that a curve r.t/ � Mc is a characteristic of the form ! if at each point
r.t/ of the curve the tangent vector to the curve lies in the annihilator of the form Ax .

In a neighborhood of every point x0, we can choose a vector field v.x/ such that
v.x/ ¤ 0 and v.x/ generates Ax (this may fail to hold globally on the whole manifold
Mc in view of some topological obstacles). Moreover, the characteristics are precisely
the integral curves of the field and we conclude that

• for each point of the level surface Mc D fH D cg there is only one charac-
teristic of the form ! passing through this point; moreover, a sufficiently small
neighborhood of the point foliates into these characteristics.

9This definition of annihilator is common for all linear spaces with a bilinear form B.�; �/ (symmetric
or antisymmetric): a vector � belongs to the annihilator if and only if B.�; �/ D 0 for all vectors �. For
example, the Casimirs constitute the annihilator of the Poisson bracket on the space of functions.
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Theorem 9.6. The trajectories of the Hamiltonian system on the level surfaceMc are
characteristics of the form ! onMc .

Proof. We introduce the canonical coordinates x1; : : : ; xn; p1; : : : ; pn in a neighbor-
hood of the point x. The condition that � is a tangent vector to Mc at x takes the
form

dH.�/ D �i @H.x/
@xi

C �iCn @H.x/
@pi

D 0

(here we mean summation over i ), and a vector � lies in the annihilator Ax if and only
if

!.�; �/ D Œdpi ^ dxi �.�; �/ D �1� iC1 C � � � C �n�2n � �iC1�1 � � � � � �n�2n D 0
for all � 2 TxMc . Comparing these two formulas, we see that the vector

� D vH D
�
@H

@p
;�@H

@x

�
belongs to Ax . The theorem is proven. �

Now, consider the 1-form ˛ given by the condition

d˛ D ! on Mc ;

and the variational problem for the functional

S.�/ D
Z
�

˛

on the spaces of curves satisfying some additional conditions.
Perhaps, the form ˛ is not defined globally. This case is typical, for example, when

M is a closed symplectic manifold. We arrive again at the multivalued functional S
(see §9.2) for which, as we will see below, the equations for extremals are written down
globally.

We consider the following two spaces of curves on Mc :

(1) the space of closed curves;
(2) the space of curves joining two submanifolds V1 and V2 such that the restrictions

of ˛ to V1 and V2 are zero.

Theorem 9.7. The extremal functions of the functional S D R
d�1! on each of the

above spaces 	 of curves are precisely the characteristics of the form ! lying in 	 .

Proof. Let � be an extremal of S . If the tangent vector P� at x 2 � does not belong to
the annihilator Ax , then there is a vector � 2 TxMc such that !. P�; �/ ¤ 0. Changing,
if necessary, the direction of �, we can assume that !. P�; �/ > 0 and extend � to a small
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part of the curve near x so that the inequality holds on this part and � D 0 outside it.
By the Stokes theorem, local variation of the curve � ! � C "� leads to variation of
the functional

S.�/! S.�/C "
Z
!. P�; �/CO."2/ (9.22)

which is nonzero for small ", which contradicts the condition that the curve � is ex-
tremal. Consequently, � is a characteristic.

It follows from (9.22) that the converse is also true: if � is a characteristic, then
ıS D 0. The theorem is proven. �

Corollary 9.6. The closed trajectories of a Hamiltonian system on a level surface
Mc D fH D cg are precisely the closed characteristics of the form ! onMc .

We now give another corollary. Let M be R2n or, in general, the cotangent bundle
T �Xn to an n-dimensional manifold X with canonical coordinates xi and pk . The
form ˛ D d�1! is defined globally:

d�1! D pidxi :

Corollary 9.7. The trajectories of a Hamiltonian system on T �Xn lying on the level
surfaceMc D fH D cg are extremals of the functional

S D
Z
pidx

i

(here we naturally assume summation over i ) on the space of curves lying in Mc and
joining the spaces x D x0 and x D x1.

On the whole symplectic manifold the variational principle has the more habitual
form and we leave its proof as an exercise (all necessary ideas and constructions are
already exposed above):

Theorem 9.8 (Hamilton’s variational principle). The trajectories of a Hamiltonian
system on a symplectic manifoldM are extremal functions of the functional

S D
Z
.d�1! �Hdt/;

whereH is the Hamiltonian.

Moreover, formally, this is the form of Corollary 9.7 for systems with the Hamil-
tonian depending on time. In this case we obtain the usual Hamilton equations

df

dt
D ff;H g;
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where f is an arbitrary function on the manifoldM , but now the Hamiltonian depends
explicitly on time:

H D H.x; p; t/; dE

dt
D @H

@t
:

To reduce this nonautonomous system to the autonomous form, we use the standard
method, making the time one of the variables. We have to consider the new symplectic
manifold, the extended phase spaceM � R2, with the symplectic form

!0 D ! C dt ^ dE;
where “time” t and “energy”E are coordinates on R2. Now, replacing the Hamiltonian
H.x; p; t/ with

yH.x; p; t; E/ D H.x; p; t/ �E;
we obtain the Hamiltonian system

Pf D ff;H g; PE D fE;H g D @H

@t
; Pt D ft;H g D 1;

whose restriction to the level surface f yH D 0g coincides with the initial system:
We make one small remark: the form ˛ D d�1! on the .2n�1/-dimensional level

surface Mc (if defined globally) satisfies the inequality

˛ ^ .d˛/n�1 ¤ 0
everywhere. Manifolds of dimension 2n � 1 with such 1-form are called contact
manifolds and the form itself is called the contact form. We have the following analog
of Darboux’s theorem which is proven by means of the indicated theorem:

• in a neighborhood of every point of a contact manifold, there exist local coordi-
nates x1; : : : ; xn�1; p1; : : : ; pn�1; t such that the contact form takes the shape

˛ D pidxi � dt
in this neighborhood.

9.6 Reduction of the order of the system

1 First integrals and reduction of the order of dynamical systems. Let

Px D v.x/
be a dynamical system (flow) on an n-dimensional manifold M .
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Recall that in local coordinates x1; : : : ; xn this is simply a system of ordinary
differential equations:

Pxi D vi .x1; : : : ; xn/; i D 1; : : : ; n:
These expressions agree on the intersections of charts with different coordinates. This
means that v.x/ is a vector field on M .

If we know a nontrivial function F which is conserved along the trajectories of the
system:

dF

dt
D vi @F

@xi
D 0

(i.e., a first integral of the flow), then we can reduce the order of this system by 1 in
domains where gradF ¤ 0. To this end, consider the level surfaces Mc D fF D cg.
By the implicit function theorem, if gradF.x/ ¤ 0 at a point x 2 Mc , then the level
surface Mc is an .n � 1/-dimensional submanifold in a neighborhood of x with some
local coordinates y1; : : : ; yn�1. Since the trajectories of the system starting at the
points of Mc remain in Mc , the field v is tangent to Mc everywhere and the system
restricted to Mc takes the form

Pyi D wi .y1; : : : ; yn�1/; i D 1; : : : ; n � 1:
Herew is the restriction of the fieldv toMc . As a result of this procedure we simplify the
system, reducing the number of variables, the order of the system, by 1 (see Figure 9.1).

M

Mc

Figure 9.1. The invariant submanifold Mc .

Assume that we know a greater number of first integrals F1; : : : ; Fk and these inte-
grals are ( functionally) independent at some point x0; i.e., the system of the covectors
gradF1; : : : ; gradFk is linearly independent. Then, taking the restriction of the flow
to the common level surface

	c1;:::;ck
D fF1 D c1 D F1.x0/; : : : ; Fk D ck D Fk.x0/g;

we reduce the order of the system by k. Moreover, if k D n � 1 and v.x0/ ¤ 0, then
this level surface is one-dimensional and therefore is a trajectory of the flow. Thus, we
obtain a (local) solution to the equation Px D v.x/ with the initial data x.0/ D x0.
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2 Reduction of the order of a Hamiltonian system. For Hamiltonian systems on a
symplectic manifold, the presence of one additional integral allows one to reduce the
order of the system by 2. We describe this procedure which was implicitly used already
in the proof of Darboux’s theorem (§9.4).

LetH be the Hamiltonian of the system and let f be an extra first integral. In view
of Hamilton’s equations, Pf D ff;H g D 0. Assume that grad f ¤ 0 at a point x0 and
f .x0/ D c. The Hamiltonian system can be restricted to the level surface

	c D ff D cgI
moreover, on this level surface the initial flow and the flow Px D vf (the Hamiltonian
system generated by the Hamiltonian f ) commute. This follows from the identity
Œvf ; vh� D �vff;hg (see Lemma 9.2). Now, take one more integral of motion to be
the function g, the time variable on the trajectories of the flow Px D vf (its correct
construction was given in the proof of Darboux’s theorem).

Suppose for simplicity that fg;H g D 0. Then we restrict the Hamiltonian system
to the common level surface

	c;0 D ff D c; g D 0g;
reducing its order by 2.

The above procedure is local. It can be made globally under two assumptions:
(1) the level surface 	c D ff D cg is a submanifold;
(2) all trajectories of the flow Px D vf are closed and have the same period T . In

this case we can suppose that the translations 't W 	c ! 	c along the trajectory for
time t determine the action of the group S1 D R=TZ.

In this case the initial Hamiltonian system can be restricted to the symplectic mani-
fold

	c;0 D 	c=S1:
The construction of the symplectic structure on this manifold is similar to that in the
proof of Darboux’s theorem: at each point, it is obtained by taking the restriction of
the initial form to the orthogonal (with respect to this form) complement to the space
generated by the coordinates f and g, where ff; gg D 1 (in the proof of Darboux’s
theorem we had the coordinates x1 and p1, where fx1; p1g D 1).

In the general case when fg;H g ¤ 0 we still can reduce the order of the system
by 2, passing to the quotient space 	c by the action of translations along the integral
curves of the field vf . Before giving an explanation of this procedure, we define the
notion of quotient space and introduce a smooth structure on it.

3 Smooth structure on the quotient space. We should explain what is meant by the
expression

M D X=G
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(for example, 	c;0 D 	c=S1). This is the quotient space of the space X by the action
of the group G. Its points are sets of the form Gx D fgx j g 2 Gg, i.e., the orbits
of the action. We can always introduce the canonical topology on this quotient space:
a set U 2 X=G is open if and only if its inverse image ��1.U / � X is open. Here
� W X ! X=G is the projection which relates to a point x its orbit Gx.

If the action, i.e., the map X � G ! X of the form .x; g/ ! gx, is smooth, the
group G is compact, and the action of the group is free (it means that the equality
gx D x holds only for g D 1), then we can introduce the structure of a smooth
manifold on the quotient space. This is done as follows.

A small neighborhoodU of an arbitrary point x0 2 X splits into orbits of the action
of the group G. Consider a submanifold Z in U such that, at each point z, the tangent
space of X splits into the direct sum

TzX D Tz.Gz/C TzZ

of the tangent space of the orbitGz of the groupG and the tangent space ofZ. Then we
can introduce the local coordinates y1; : : : ; ym; z1; : : : ; zk�m in U , where y are local
coordinates in a neighborhood V of the identity of the group G and z are coordinates
on Z (see Figure 9.2).

Gz

z

Figure 9.2. The quotient space X=G.

Every point x 2 U can be uniquely represented in the form x D gz, where g 2 V
and z 2 Z. Moreover, suppose that the neighborhood U is so small that the equality
g1z1 D g2z2, where g1; g2 2 G and z1; z2 2 Z, implies that g1 D g2 and z1 D z2.
(For existence of such unique decomposition, it is necessary that G be compact and
consequently its orbit be submanifolds.) Now, relate to the pointx the coordinates of the
points g D .y1; : : : ; ym/ and z D .z1; : : : ; zk�m/. The coordinates .z1; : : : ; zk�m/
determine coordinates on the quotient spaceX=G. In this event, the tangent vectors to
Z are tangent vectors to X=G. If the submanifoldZ is chosen in a different way, then
we obtain other coordinates in a neighborhood ofGx 2 X=G and other representatives
of the tangent vectors to X=G. The details can be found in [4].
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4 The Poisson action of a group and symplectic reduction. We say that functions
F and G on a Poisson manifold are in involution if their Poisson bracket is zero:

fF;Gg D 0:
Suppose that we havem functions F1; : : : ; Fm on a symplectic manifold which are

not necessarily in pairwise involution. This means that they generate a noncommutative
Lie algebra g with respect to the Poisson bracket. We consider the case when they
determine a linearly independent basis for this algebra g:

fFi ; Fj g D �ckijFk :
These functions considered as the Hamiltonian determinemHamiltonian flows with the
vector fields v1 D vf1

; : : : ; vm D vfm
which do not commute but satisfy the relation

Œvi ; vj � D ckij vk
(see Lemma 9.2). Translations along these flows generate the action of some connected
Lie group G on M with the following properties:

(1) the algebra g is the Lie algebra of the group G and its elements a 2 g are
identified with the vector fields a1v1 C � � � C amvm.

Moreover, since translation along each flow preserves the symplectic form and each
element of G is the composition of such translations, we have

(2) G acts on M by the canonical transformations (or simplectomorphisms, i.e.,
diffeomorphisms ' W M !M preserving the form !: '�! D !):

M
g�!M; g�! D !; g 2 G:

We arrive at the following important notion: the action of the group G on a sym-
plectic manifold is called a Poisson action if it satisfies condition (2).

This definition is more general than the case under consideration: it does not assume
that, for each element a 2 g, the one-parameter subgroup eat is a group of translations
along the trajectories of the Hamiltonian flow; it is sufficient that the vector field
v.x/ D d

dt
eat .x/ is locally Hamiltonian.

In our situation with the Poisson action we associate the moment map:

M W M ! g�;

which relates to each point x 2M the following linear function on the Lie algebra g:

ŒM.x/�.a/ D a1F1.x/C � � � C amFm.x/; a D a1v1 C � � � C amvm 2 g:

Lemma 9.5. The equality
M.gx/ D Ad�

g .M.x// (9.23)

holds for all g 2 G; x 2 M ; i.e., the moment map is equivariant under the coadjoint
representation of the group G.
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Proof. It suffices to consider the case of a one-parameter subgroup g D ebt , b 2 g.
By definition,

ŒM.ebtx/�.a/ D a1F1.ebtx/C � � � C amF.ebtx/:
Differentiate both sides of the equality with respect to t :

d

dt
ŒM.ebtx/�.a/ D a1fF1; Fbg.ebtx/C � � � C amfFm; Fbg.ebtx/

D fFa; Fbg.ebtx/ D �FŒa;b�.ebtx/ D Fad�
b
.a/.e

btx/;

where Fa D a1F1 C � � � C amFm and Fb D b1F1 C � � � C bmFm. We have thus
shown that the derivatives of the left- and right-hand sides of (9.23) coincide for all t .
Hence, observing that the identity is obviously valid at t D 0, we immediately obtain
the assertion of the lemma. �

Denote the inverse image of the moment map at 
 2 g� by

M�1.
/ DM� :

Corollary 9.8. (1) M0 is invariant under the action of the group G.
(2) If the group G is commutative then, for every 
 2 g�, the set M� is invariant

under the action of the group G.

Theorem 9.9. Suppose that M0 is a smooth submanifold in M and a group G is
compact and acts freely on M0. Then the quotient space Mred D M0=G carries the
natural symplectic structure.

Proof. Introducing a smooth structure on the quotient space, we introduce coordinates
z1; : : : ; zk�m, k D dimM �m D dimM0, as coordinates on some patch, a subman-
ifold Z. Define the antisymmetric product on the tangent space of Z by the usual
formula

!0.�; �/ D !.�; �/; (9.24)

where ! is the symplectic form on the initial manifold M and

�; � 2 TzZ � TzM0 � TzM:
It would be natural to define the symplectic structure on Mred this way, especially as
the form !0 is closed as the restriction of the closed form ! to the submanifoldZ. But
we should justify this definition, by proving that it is independent of

(1) the choice of coordinates on Mred;
(2) the choice of the point x on the orbit.

Also, we should demonstrate that
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(3) the form !0 is nondegenerate.

We now prove these three assertions. First of all we give some auxiliary assertion:

Lemma 9.6. The spacesTxM0 andTx.Gx/ are orthogonal complements of each other
in TxM with respect to the form !.

Proof. Since the groupG acts by Hamiltonian transformations, the tangent vector � to
the orbit has the form vf for some function of the form f D a1F1 C � � � C amFm:

�j D vj
f
D hjk @f

@xk
:

We have

!.�; �/ D hij � i�j D hij � ihjk @f
@xk
D ıki � i

@f

@xk
D � i @f

@xi
D @�f;

i.e., !.�; �/ is the derivative of the function f in the direction of � . Therefore, � lies
in the orthogonal complement to Tx.Gx/ if and only if @�M D 0, but this condition
determines the tangent space of M0. We have thus demonstrated that

.Tx.Gx//
? D TxM0:

It is easy to check the converse assertion

.TxM0/
? D Tx.Gx/:

The lemma is proven. �

We turn to proving correctness of the definition of the symplectic structure onMred:
(1) Actually, the change of coordinates consists in either changing coordinates on

Z or changing ofZ itself. We only need to consider the second case, since in this case
the tangent vectors in TM0 representing tangent vectors to Mred vary:

� ! � C � 0; �! �C �0;

where the vectors � 0 and �0 touch the orbits of the group G. By the previous lemma,
the value of the symplectic product (9.24) does not vary upon this change:

!.� C � 0; �C �0/ D !.�; �/:
(2) Since the action of the group G is Hamiltonian, it preserves the symplectic

product:
!.�; �/ D !.g��; g��/I

therefore, the definition of form (9.24) is independent of the choice of the point x on
the orbit.

(3) If !.�; �/ D 0 for all vectors � 2 TxZ, then � is orthogonal to all vectors in
TxM0 and, by Lemma 9.6, it touches the orbits of the groupG, i.e., represents the zero
vector in TxMred.

The theorem is proven. �
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Let 
 2 g� and 
 ¤ 0. Denote byG� the subgroup inG constituted by all elements
g which do not change 
 :

Ad�
g.
/ D 
:

Corollary 9.9. Suppose thatM� is a submanifold and a groupG� is compact and acts
freely onM� . Then the quotient space

M�=G�

carries the natural symplectic structure.

Proof. Denote by O� the orbit of 
 2 g� under the adjoint representation Ad� of the
group G. Consider the symplectic form !� on O� as on a symplectic leaf of the Lie–
Poisson bracket (see §9.4). The adjoint representation determines the Poisson action
of the group G on O� under which the moment map coincides with the embedding
O� � g�. Consider the symplectic form !M � !� (i.e., the sum of two forms on the
factors) on the direct product M �O� . Then M�=G� D .M �O� /red. The corollary
is proven. �

Note that all arguments in the proof of the theorem are actually local and therefore
in the general case we can consider a local reduction which simplifies the system in
some domain. Moreover, the situation when the action of G is free and we obtain
the manifold Mred is rather rare, meanwhile the converse holds: the group G contains
finite subgroups which leave some points fixed. Eventually, under factorization, to
these points there correspond conic singularities in Mred. However, away from these
singularities we obtain a nice symplectic manifold.

If the Hamiltonian H is in involution with the functions F1; : : : ; Fm, then the
corresponding Hamiltonian system reduces to a Hamiltonian system on the 2.n�m/-
dimensional symplectic manifold Mred, the reduced phase space with the symplectic
form !red. Since fH;Fig D 0, the Hamiltonian H is conserved upon translations
along the Hamiltonian flows given by the Hamiltonians F1; : : : ; Fm; consequently, it
is conserved under the action of G and the projection � W M0 ! Mred D M0=G.
Therefore, the initial Hamiltonian system reduces to the system on Mred with the
reduced Hamiltonian Hred.x/ D H.��1.x//.

Moreover, if a function f is G-invariant, then it descends to the function f .x/ D
fred.�.x// to the quotient space, and the variation of f along the trajectories of the
flow is described by the equations

Pf D ff;H g D ffred;Hredgred;

where the Poisson bracket f � ; � gred corresponds to the form !red.
This method of a reduction of a Hamiltonian system .M;H/ to the Hamiltonian

system .Mred;Hred/ is called a symplectic reduction. For concrete examples it was
known for a long time and it has been used in various problems of mechanics. It
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applies when the Hamiltonian system admits a symmetry group and, as in many concrete
examples, the action of this group is Poisson.

Before turning to examples, we make one remark: there exist interesting problems
in which, on the level surface of a first integral F , the gradients of the functions F and
H are not linearly independent everywhere. To the point, where gradF and gradH
are linearly dependent, there corresponds a fixed point (equilibrium) of the reduced
Hamiltonian system, however this point is not an equilibrium state of the initial system.
A trajectory projected into an equilibrium state onMred is called a relative equilibrium
of the initial system. For example,

• if the Hamiltonian is invariant under the Poisson action of a group G, then the
relative equilibria are exactly the orbits of the one-parameter subgroups of G.

5 Examples

(a) Motion in a central field. Suppose thatM D T �R3 D R3x �R3p is the cotangent
bundle to R3, x1, x2, and x3 are the Euclidean coordinates in R3, and p1, p2, and p3
are coordinates in the momentum space. Consider the Hamiltonian

H.x; p/ D p2

2m
C U.r/;

which describes the motion of a particle of mass m in a central field U.r/, r Dp
.x1/2 C .x2/2 C .x3/2. For example, for U.r/ D ˛

r
, ˛ D const < 0, we ob-

tain Kepler’s problem on the motion of a planet around the Sun (with the other forces
neglected). The Hamiltonian is invariant under the Poisson action of the rotation group
G D SO.3/. In this case the Lie algebra g is generated by the components of the
kinetic momentum vector:

F D .F1; F2; F3/; F D � D Œx � p�:
The level surface M� D f� D 
g; 
 ¤ 0, has dimension 3 and the group G� is one-
dimensional. Therefore, the dimension of the reduced phase space equals 2. We now
give explicit formulas.

Executing a change of variables in R3, we can reduce everything to the case 
 D
.0; 0; c/. The level surface M� is given by the equations

x3 D p3 D 0; x1p2 � x2p1 D c:
The group G� is the group SO.2/ constituted by all rotations around the Ox3-axis.
We introduce the polar coordinates r and ' in the .x1; x2/-plane and the conjugate
variables pr and p' in the momentum space:

x1 D r cos'; x2 D r sin ';
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p1 D pr cos' � p'
r

sin '; p2 D pr sin ' C p'

r
cos';

fr; prg D f'; p'g D 1;
with the zero Poisson brackets for the other collections of coordinates. In the new
coordinates, the surface M� is given by the equations

x3 D p3 D 0; p' D c:
The group G� acts by rotations: ' ! ' C � , 0 � � � 2� , and the factorization
M� !M�=G� reduces to elimination of the angular variable � . Eventually, we obtain
the reduced phase space Mred with the coordinates r and pr , the symplectic form
dpr ^ dr , and the reduced Hamiltonian

Hred.r; pr/ D 1

2

�
p2r C

c2

r2

�
C U.r/:

(b) Kepler’s problem. .U D ˛
r
; ˛ < 0/ has extra first integrals, namely the compo-

nents of the Laplace–Runge–Lenz vector

� D
hp
m
� �

i
C ˛x

jxj D
hp
m
� Œx � p�

i
C ˛x

jxj :

Problem 9.2. (1) Prove that the inner product of the kinetic momentum vector and the
Laplace–Runge–Lenz vector equals zero:

.�; �/ D 0;
but the components of these vectors at a generic point give five functionally independent
first integrals of the Kepler problem.

(2) Prove that the Poisson brackets of the components of the vectors � and � are
equal to

f�i ; �j g D "ijk�k; f�i ; �j g D "ijk�k; f�i ; �j g D �2E
m
"ijk�k;

whereE D H D p2

2m
C ˛x

jxj is the energy of the system. Derive that, at different energy
level surfaces, the algebra of the integrals �i and �j closes and is isomorphic to

(a) the Lie algebra of the group SO.4/ for E < 0;
(b) the Lie algebra of the group of motions of the three-dimensional space forE D 0;
(c) the Lie algebra of the group SO.1; 3/ for E > 0.

In particular, the common level surface � D �0 D const; � D �0 D const is
one-dimensional and is exactly the trajectory of Kepler’s problem.
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(c) Orbits of the coadjoint representation of Lie groups. Let M D T �G, where
G is a Lie group which acts on itself (and thereby on T �G) by left translations. This
action is Poisson and the corresponding Hamiltonians are linear in the momentum and
have the form

Fa.x; p/ D p.ag/ D p
�
deat

dt

ˇ̌
tD0g

�
; a 2 g;

where p.v/ is the value of a covector (linear function) p at a vector v. The expression
ag stands for the right translationR�

ga of a vector a 2 g D T1G to a point g D x 2 G,
and we have

p.R�
ga/ D R�

g�1p.a/

(see §9.4). Therefore, the moment map for this action has a very simple form:

M.g/ D R�
g.p/ 2 g� D T �

1 G:

The inverse image M�1.
/ of the moment map at a point 
 2 g� is diffeomorphic to
the groupG and is constituted by points of the form .g;R�

g�1
/ 2 T �G. Consider the
map

M�

L�
g��! g� W .g; p/! L�

gp D L�
gR

�
g�1
:

The image of this map coincides with the orbit of the point 
 in the coadjoint represen-
tation and the fiber coincides with the orbit of the action of the group G� constituted
by all elements g 2 G such that

L�
gR

�
g�1
 D Ad�

g 
 D 
:
Thus, we obtain the reduced phase space Mred diffeomorphic to the orbit of the point

 in the coadjoint representation. The constructed symplectic structure is the same as
the one on this orbit as a symplectic leaf of the Lie–Poisson bracket on g� (see §9.4).

9.7 Euler’s equations

On the cotangent bundle to a Lie group G, consider a Hamiltonian system invariant
under the left translations.

For example, assume that a left-invariant metric is given on a Lie group. This means
that the tangent bundle is endowed with a metric such that

.�; �/ D .L�
g�; L

�
g�/ for all g 2 G

and for all vectors � and � tangent toG at the same point. It is obvious that every such
metric is determined by the inner product at the identity 1 2 G. In this case the inner
product of tangent vectors at an arbitrary point g 2 G is defined as

.�; �/ D .L�
g�1�; L

�
g�1�/:
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The geodesic flow is invariant under the left translations on the Lie group, since such
is its Hamiltonian.

The left-invariant Hamiltonian flow reduces to the orbits of the coadjoint action of
G on g� (see Example (c) in §9.6). Since these orbits are symplectic leaves (see §9.4),
Hamilton’s equations take the form

Px D fx;H g;
where the right-hand side is the Lie–Poisson bracket of x 2 g� and the reduced
HamiltonianH D Hred of the geodesic flow. For the geodesic flow of the left-invariant
metric generated by the metric gik on g, we have

H.x/ D 1

2
gikxixk :

In coordinates, Hamilton’s equations take the form

Pxi D @H

@xj
fxi ; xj g D ckijxk

@H

@xj
:

Consider Px as a linear functional on g:

Px.�/ D ckijxk
@H

@xj
� i

D xk
�
ckij �

i @H

@xj

�
D x.Œ�; gradH�/ D �x.adgradH �/ D � ad�

gradH .x/.�/;

where gradH 2 g is the gradient of the functionH on g�. We have obtained another
form of Hamilton’s equations:

Px D � ad�
gradH .x/: (9.25)

Since in the case of the left-invariant metric on the groupG D SO.3/we obtain Euler’s
equations of motion of a rigid body around a fixed point, the general equation (9.25)
with the quadratic Hamiltonian H is called Euler’s equation on g�.10

Suppose that a nondegenerate inner product is given on a Lie algebra and this
product is invariant under the adjoint representation. As usual, the nondegeneracy of
the product allows us to identify g and its dual space g� by the rule

x.�/ D .x; �/:
The invariance under Adg implies the identity

.Œz; x�; y/C .x; Œz; y�/ D 0 for all x; y; z 2 g:

10For a detailed derivation and analysis of Euler’s equations, in particular, for infinite-dimensional Lie
algebras see Supplement 2 to [1].
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Indeed, we have
.Adezt x;Adezt y/ D .x; y/; t 2 R;

and therefore

d

dt
.Adezt x;Adezt y/

ˇ̌
tD0 D .adz x; y/C .x; adz y/ D .Œz; x�; y/C .x; Œz; y�/ D 0:

Now, rewrite Euler’s equation as an equation on the Lie algebra g:

. Px; y/ D .x; Œy; gradH�/ D �.ŒgradH; x�; y/;

and finally
Px D Œx; gradH�; x 2 g:

Consider important examples when G is the Lie group E.3/ constituted by all
(orientation-preserving) motions of the three-dimensional Euclidean space:

x ! Ax C b; A 2 SO.3/; b 2 R3:

Problem 9.3. Prove that
(1) the Lie algebra g D e.3/ of the group E.3/ is generated by the elements Mi

and pk , i; k D 1; 2; 3, where Mi is the generator of rotations around the Oxi -axis
and pk is the generator of translations along the Oxk-axis; moreover, the following
commutation relations hold:

ŒMi ;Mj � D "ijkMk; ŒMi ; pj � D "ijkpk; Œpi ; pj � D 0 (9.26)

(the repeated index k implies summation).

(2) the Lie–Poisson bracket on e.3/� has two Casimirs:

I1 D p2 D p21 C p22 C p23 ; M2 D .M; p/ D ps DM1p1 CM2p2 CM3 C p3:
The level surface

Mp;s D fI1 D p2; I2 D psg � e.3/�

is diffeomorphic to the cotangent bundle of the two-dimensional sphere S2. The
symplectic structure is given by the form

! D d�i ^ dqi C sf .q1; q2/dq1 ^ dq2 D d�i ^ dqi C sF;
where q1 and q2 are the coordinates on the sphere, �1 and �2 are the momentum
coordinates, and F is a closed 2-form on S2. Moreover,Z

S2

F D 4�:
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Consequently, for s ¤ 0 we obtain the magnetic Poisson bracket on T �S2.11

The equations of motion of a heavy rigid body around a fixed point correspond to
the Hamiltonian

H.M;p/ D
X
i;k

aikMiMk C
X
k

lkpk D .AM;M/C l.p/

which is quadratic in the variable M and linear in the variable p.
The Kirchhoff equations which describe the motion of a rigid body in an ideal fluid

are Euler’s equations corresponding to the Hamiltonian quadratic in the variables M
and p:

H.M;p/ D
X
ik;k

.aikMiMk C bikMipk C cikpipk/;

where aik D aki and cik D cki . Since the Hamiltonian in the Kirchhoff problem has
the meaning of the kinetic energy, it is assumed to be positive definite.

Executing the changes of coordinates in g,

M ! AdgM; p ! g.p/; g 2 SO.3/;

preserving the form of bracket (9.26), we can reduce the Hamiltonian of the equations
of motion of a rigid body around a fixed point to the form

H.M;p/ D
X
i

aiM
2
i C

X
lkpk;

and the Hamiltonian of the Kirchhoff equations to the form

H.M;p/ D
X
i

aiM
2
i C

X
i;k

�
bik

2
.Mipk CMkpi /C cikpipk

�
; cik D cki :

Obviously, it follows from the fact that every positive definite quadratic form in Rn can
be reduced to the diagonal form by an orthogonal transformation (in our situation this
is the Gram–Schmidt orthogonalization of the form A.M;M/).

Note that the appearance of the group E.3/ in these two problems is of absolutely
different nature.

(a) The Kirchhoff equations are the equations for geodesics of a left-invariant metric
on E.3/.

(b) In the case of the equations of motion of a heavy rigid body around a fixed point,
choose an orthonormal coordinate system connected with the body with the origin at a
fixed point. In this coordinate system, v D �M is the kinetic momentum vector, while
p is the unit vector in the direction of the gravitational force.12 In this problem one of
the Casimirs equals 1 by definition, I1 D p2 D 1, and the other equals I2 D ps.

11For the proofs of these assertions see Supplement 1 (by S. P. Novikov) to [2], III.
12If the coordinate axes are directed along the momentum axes of the body and A, B , and C are the
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9.8 Integrable Hamiltonian systems

The modern definition of the integrability of finite-dimensional systems is based on the
following result known as the Liouville theorem on integrable systems.

Theorem 9.10. Let M be a symplectic manifold of dimension 2n on which a Hamil-
tonian system with a Hamiltonian H is given. Suppose that we have n first integrals
I1; : : : ; In�1; In D H of this system which are in involution, fIj ; Ikg D 0, j; k D
1; : : : ; n, and functionally independent almost everywhere. Denote by M W M ! Rn

the moment map: M.x/ D .I1.x/; : : : ; In.x//.
Let X be a component of the set M�1.
/ such that I1; : : : ; In are functionally

independent on X and X is compact.
Then X is diffeomorphic to the n-dimensional torus T n and has a neighborhood

U such that

(1) U is diffeomorphic to the direct product of the n-dimensional open ballDn and
T n;

(2) the action–angle coordinates s1; : : : ; sn and'1; : : : ; 'n are given inU ; moreover,
the level surfaces s D .s1; : : : ; sn/ D const are invariant tori of the Hamiltonian
system and the angular coordinates '1; : : : ; 'n are coordinates on these tori
defined modulo 2�; furthermore, the symplectic form takes the form

! D
X
k

dsk ^ d'kI

(3) in the action–angle coordinates, the Hamiltonian system takes the form

Psj D 0; P'k D  k.s1; : : : ; sn/; j; k D 1; : : : ; n:
We now make some remarks:
(1) By the words “almost everywhere” (“at a point of generic position”, “at a generic

point”) we mean usually “on a set of full measure”; i.e., the set on which the condition
is violated has measure zero with respect to some measure d�which in a neighborhood

corresponding momenta of inertia, then making the substitution

M D .�Ap;�Bq;�Cr/; p D .�; � 0; � 00/;

.a1; a2; a3/ D
� 1
A
;
1

B
;
1

C

�
; l.p/ D �mg.x0� C y0�

0 C z0�
00/

in the equation
PM D fM;Hg; Pp D fp;Hg

we obtain the equations of motion in terms typical for a monograph on analytic mechanics. Here ! D
.p; q; r/ is the angular velocity vector, m is the mass of the body, g is the free fall acceleration, Q D
.x0; y0; z0/ are the coordinates of the center of mass of the body. ForQ D 0 the equations PM D fM;Hg
coincide with the usual Euler equations (see §9.3), since the gravitational force is not taken into account in
the Hamiltonian.
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of every point takes the form d� D �.x/dx1 ^ � � � ^ dx2n where �.x/ is a positive
continuous function. Under the conditions of the theorem, on the common level surface
fI1 D c1; : : : ; In D cng, the functions I1; : : : ; In are functionally independent and the
surface itself is a submanifold (by the implicit function theorem).

(2) The Hamiltonian system is (Liouville) integrable (or completely integrable) if
it satisfies the conditions of the theorem. In classical mechanics of the 19th century
one usually considered the case of analytically integrable systems in which the first
integrals I1; : : : ; In are real-analytic functions.

(3) The theorem is ineffective without the procedure of construction of the action-
angle coordinates which is available, but will be only briefly mentioned in the proof.
With this procedure we can explicitly solve Hamilton’s equations in a neighborhoodU
of the torus X : on each invariant torus, it reduces to a linear equation with constant
coefficients and the motion over the torus is conditionally periodic:

'.t/ D '.0/C  .s/t:

Proof. (1) First of all prove we the following assertion:

Lemma 9.7. X is diffeomorphic to the n-dimensional torus.

Proof of the lemma. The Hamiltonian flows v1 D vI1
; : : : ; vn D vIn

touch the level
surface X , since all values of the integrals I1; : : : ; In are conserved upon translation
along these flows. Moreover,

ŒvIj ; vIk
� D �vfIj ;Ikg D 0; j; k D 1; : : : ; nI

consequently, these flows commute. Since the manifold X is compact, every ordinary
differential equation of the form Px D vi .x/; i D 1; : : : ; n, has a global solution, i.e., a
solution for all values of t .

The translations along the trajectories of these flows generate the action of the group
Rn on X which relates to each point x 2 X its translation 't .x/ for a unit time along
the trajectory of the flow t1v1 C � � � C tnvn, t 2 Rn. For small t this map has the form

x ! x C t1v1 C � � � C tnvn CO.jt j2/I
therefore, the Jacobian of the map t ! 't .x/ at t D 0 is nonzero for each point x 2 X .
Consequently, by the inverse function theorem, for jt j < ".x/ the map t ! 't .x/ is a
diffeomorphism of the open ball jt j < ".x/ onto its image.

If x and y lie in X , then join them by a curve � and for each point z of the curve
take a neighborhood which is covered diffeomorphically under the map t ! 't .z/.
The intersections of these neighborhoods with � constitute an open covering of � from
which we can choose a finite subcoveringU1; : : : ; Uk , x 2 U1, y 2 Uk ,Ui\UiC1 ¤ ;,
i D 1; : : : ; n� 1. Put x0 D x and y D xk and choose points xi 2 Ui \UiC1. We see
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that xiC1 D 'ti .xi // at some ti , i D 1; : : : ; k�1. Consequently, y D 'tk�1
: : : 't0.x/.

Since the points x; y 2 X were chosen arbitrary, we conclude that

f't .x/ j t 2 Rng D X for every point x 2 X I
i.e., X is the homogeneous space of the group Rn:

X D Rn=	:

Since the map t ! 't .x/ is a diffeomorphism for small t , for nonzero vectors � in 	 ,
the value j� j is bounded from below and we take e1 to be the vector in 	 with the least
norm. Take e2 to be the vector in 	 lying at the least nonzero distance to the straight
line Re1 and continue this process, taking at each step the vector ei to be the vector
in 	 lying at the least distance to the subspace Re1 C � � � C Rei�1. Eventually, we
construct a basis e1; : : : ; en for the group 	 D Zn. Therefore,

X D Rn=Zn D T n:
The lemma is proven. �

(2) Prove that some small neighborhoodU of the torusX foliates into invariant tori
over the n-dimensional disk.

Since the covectors grad I1; : : : ; grad In are linearly independent at each point
x 2 X , by the implicit function theorem, there is a neighborhood Ux diffeomorphic to
the direct product Vx � Dx with coordinates .y; z/ such that y are local coordinates
on X and M.y; z/ D z. Cover X with the neighborhoods Vx and choose a finite
subcovering Vx1

; : : : ; Vxl
. LetD D \iDxi

� Rn. The union U D [iVxi
�D, where

Vxi
� D � Vxi

� Dxi
D Uxi

, is the sought neighborhood whose closure is com-
pact and therefore each component of M�1.a/, a 2 D, is compact and consequently
homeomorphic to the torus.

We obtain a natural diffeomorphism of U D X �D under which the moment map
is the projection to the second factor.

(3) Construct the action–angle coordinates. We introduce the angular variables
'1; : : : ; 'n on the invariant tori in U defined modulo 2� and take the values of the first
integrals I1; : : : ; In to be the coordinates in D.

As in the proof of Darboux’s theorem, we can take the coordinates on the torus to
be the times of translations along the trajectories of the Hamiltonian flows v1; : : : ; vn.
Denote these times by t1; : : : ; tn. Obviously, we obtain

ftj ; Ikg D ıjk; fIj ; Ikg D ftj ; tkg D 0: (9.27)

On each torus, the angular variables ' are obtained from the time variables t by a linear
change depending on the torus. Therefore, it follows from (9.27) that in the variables
I and ' the symplectic form has the shape

! D
X
j<k

ajk.I; '/dIj ^ dIk C
X
j;k

bjk.I /dIj ^ d'k : (9.28)
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In particular, the restrictions of ! to the invariant tori are zero and in the neighborhood
U we have a 1-form ˛ such that

d˛ D !:
This assertion follows from the following topological reasons: the restriction of ! to
U realizes the zero cohomology class and the exterior derivative d on ! is invertible:
we do not prove this, referring the reader to [4]. For M D T �N take ˛ D pidx

i

(in this form the derivation of formulas for the action–angle variables often appears in
physical literature). Now, put

sk D 1

2�

Z
�k

˛; k D 1; : : : ; n:

Here �k is the contour on the torus traversed as 'k varies from 0 to 2� (the other
variables 'i do not vary). For the cotangent bundle we obtain the following classical
formula from physics literature:

sk D 1

2�

Z
�k

p dx; k D 1; : : : ; n:

Show that the functions sk , k D 1; : : : ; n, are independent of '. Take another
contour � 0 which together with �k bounds a surface S on the torus. Then, using the
Stokes theorem, we obtainZ

�k

˛ �
Z
� 0

˛ D
Z
@S

˛ D
Z
S

d˛ D
Z
S

! D 0:

It follows from (9.28) that

˛ D
X
k

�Z X
j

bjk.I /dIk

�
d'k C

X
k

fjdIj C df0:

Only the first summand has nonzero contribution in the integral over �k and we obtain

dsk D
X
j

bjkdIj ;
@sk

@Ij
D bjk.I1; : : : ; In/:

Since the form ! is nondegenerate, the matrix bjk is invertible and, by the inverse
function theorem, there is a change of coordinates

I1; : : : ; In ! s1; : : : ; sn; s D s.I /
(here we might need to replace U with a smaller domain which still foliates into
invariant tori). We obtain

! D
X
j<k

Oajkdsj ^ dsk C
X
j;k

Objkdsj ^ d'k :
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But in the new coordinates we have

˛ D
X
k

�X
j

Objkdsj
�
d'k C

X
j

gjdsj C dg0

and obtain the relation
dsk D

X
j

Objkdsk;

which implies that Objk D ıjk . Since the form! DPj<k Oajkdsj^dskC
P
k dsk^d'k

is closed, the coefficients Oajk are independent of the angular variables and the formP
j<k Oajkdsj ^ dsk is closed, too:X

j<k

Oajkdsj ^ dsk D d
�X

k

hk.s/d'k

�
:

The change of the angular variables 'k ! 'k C hk.I / reduces the symplectic form to
the sought shape

! D
X
k

dsk ^ d'k :

In these coordinates the Hamiltonian function is H D H.s1; : : : ; sn/ and Hamilton’s
equations take the form

Psj D fsj ;H g D 0; P'k D f'k;H g D @H

@sk
D  k.s1; : : : ; sn/; j; k D 1; : : : ; n:

The theorem is proven. �

There are two natural generalizations of the Liouville integrability:

(1) Integrability on an energy level surface or, in general, on a common level surface
of first integrals fI1 D � � � D Ik D 0g.

Indeed, for many systems only some special energy levels are filled with tori with
conditionally periodic motions. In this case we say that the system is integrable on
a level surface N D fI1 D c1; : : : ; Ik D ckg if functions I1; : : : ; In (including the
Hamiltonian H ) are defined in a neighborhood of this level surface and the following
conditions are satisfied:

(1) the functions I1; : : : ; In are functionally independent almost everywhere on N
and their Hamiltonian flows touch the level surface N ;

(2) the Hamiltonian flows with the Hamiltonians I1; : : : ; In commute on N .

Then

• the moment map is defined on N :

M W N ! Rn�k; M.x/ D .IkC1.x/; : : : ; In.x//:
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If X is a compact component of the set M�1.
/ and I1; : : : ; In are functionally
independent onX , thenX is diffeomorphic to the torus and someneighborhood of
X inN foliates into invariant tori on which the Hamiltonian flow is conditionally
periodic.

Actually, the proofs of these assertions repeat that of Theorem 9.10.
Note also that integrability is possible in the more general case when the function

I is not a first integral, but some level surface fI D cg is preserved by the Hamiltonian
flow and the flow is integrable on it. Such cases appear in rigid body dynamics.

(2) Integrability by means of noncommuting integrals.
Let A be an algebra of first integrals linearly generated by functions I1; : : : , InCk .

Suppose that these functions are functionally independent almost everywhere. Suppose
that these integrals do not commute everywhere: the identities fIj ; Ikg D 0 need not
hold everywhere. Suppose that A contains a commutative subalgebra B , H 2 B , and

dim AC dimB D dimM D 2n:
Then

• the common level surfaces

Nc D fI1 D c1; : : : ; InCk D cnCkg
are .n � k/-dimensional tori on which the Hamiltonian flows corresponding to
the functions in B determine conditionally periodic motions.

The proof of this assertion is similar to that of Theorem 9.10 which corresponds to
the limit case A D B .

This method for integration can be generalized to the case when the subalgebra
B depends on the level surface, i.e., B D Bc � A, and the Hamiltonian flows
corresponding to the functions in Bc commute on Nc . In this case the surfaces Nc are
again tori with conditionally periodic motions.

Examples of integrable systems

1 Geodesic flow on a surface of revolution. Let † be the surface in R3 obtained by
revolution of the graph of a function f .x/ around theOx-axis (see Problem 2.2). It is
given by the parametric equations

x D u; y D f .u/ cos v; z D f .u/ sin v;

and the metric takes the form

ds2 D .1C f 02/du2 C f 2dv2:
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The geodesic flow on T �† has the Hamiltonian

H D 1

1C f 02p
2
u C

1

f 2
p2v :

Since dim T �† D 4, for the Liouville integrability it suffices to find one more first
integral which is functionally independent of H almost everywhere. By the Clairaut
theorem (see Problem 2.13), the sought integral has the form

I D f .u/ cos ;

where  is the angle between the geodesic and the parallel. This fact is a consequence
of the momentum conservation law (Lemma 9.4): the metric and hence the Lagrangian
of the geodesic flow do not depend explicitly on v and therefore the corresponding
momentum pv D I

p
H is preserved.

Problem 9.4. Prove that the geodesics on a surface of revolution are given by the
formula

v.u/ D
Z
c

p
1C f 02p

f .f 2 � c2/du;

where c is the value of the integral I on the geodesic: I D c.

2 Liouville metrics on the two-dimensional torus. Suppose that a metric

ds2 D .f .u/C g.v//.du2 C dv2/
is given on a surface with coordinates u and v (this metric is called a Liouville metric).
Since the surface is two-dimensional, to integrate the geodesic flow, it suffices to find

one more first integral (besides the HamiltonianH D p2
uCp2

v

fCg ). It is easy to verify that
the following function is a first integral:

I D gp2u � fp2v
f C g :

Problem 9.5. Prove that for a Liouville metric the geodesic equation has the form

du

dv
D ˙

p
f .u/C cp
g.v/ � c ;

where c is the value of the integral I on the geodesic: I D c.

If the variables u and v are defined modulo Z, f .uC 1/ D f .u/, and g.vC 1/ D
g.v/ then we obtain a Liouville metric on the two-dimensional torus R2=Z2.
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3 Euler’s equations of motion of a rigid body around a fixed point. These are the
equations

Px D fx;H g
on the dual space of the Lie algebra of the group SO.3/ (see §9.3). This dynamics
reduces into symplectic leaves, two-dimensional spheres jxj D const. To integrate the
Hamiltonian system on a two-dimensional manifold, it suffices to know one integral
which is already given, the Hamiltonian

H D 1

2

�
x21
A
C x22
B
C x23
C

�
:

LetA > B > C . Then the level surface fH D 

2
> 0g foliates into the intersections

of the surface with the spheres fjxj D �g. Moreover, for the restriction of Euler’s
equations to the level surface of the Hamiltonian we have the following picture (see
Figure 9.3):

x1 D �A x1 D A

x3 D C

x3 D �C

x2 D B

Figure 9.3. The integral curves of Euler’s equations .H D 1
2
/.

• �C � � � �A;
• the stationary points of the Euler equations are .˙p�A; 0; 0/, .0;˙p�B; 0/,

and .0; 0;˙p�C/, and they correspond to rotations of the body around the axes
of inertia (in this case � D �A; �B; �C , respectively);

• the intersection of the sphere fjxj D �g and the level surface fH D 

2
g is

(a) homeomorphic to the circles for � ¤ �A; �B; �C ,
(b) consists of a pair of stationary points for � D �A; �C ,
(c) consists of a pair of stationary points and a pair of separatrices joining these

points for � D �B .

From this picture we easily see that the rotations around the axes of inertia corre-
sponding to the maximal and minimal moments of inertia (A and C ) are stable, while
the rotation around the axis corresponding to the moment of inertia B is unstable.
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4 Integrable cases in rigid body dynamics. Since the equations of motion of a
heavy rigid body around a fixed point and the Kirchhoff equations are Hamiltonian
with respect to the Lie–Poisson bracket on e.3/�, they reduce onto the common level
surfaces of two Casimirs of the algebra e.3/:

I1 D p2 D p21 C p22 C p23 ; I2 D ps DM1p1 CM2p2 CM3p3:

These surfaces (for p ¤ 0) are diffeomorphic to the cotangent bundle of the two-
dimensional sphere S2 and the symplectic form is

! D !0 C sF;
where !0 is the canonical symplectic form on the cotangent bundle and F is a closed
2-form on S2 (“the magnetic field”) (see §9.7). We have already one first integral on
this four-dimensional symplectic manifold, the Hamiltonian. Therefore, to integrate
the equations, it suffices to know one more independent first integral. It turns out
that such integral exists only for very special values of the parameters entering in the
Hamiltonian.

There are three famous integrable cases.

(a) The Euler–Poinsot case:

x0 D y0 D z0 D 0; i.e., l.p/ D 0
(the body is fixed at the center of mass). In this caseH D H.M/ and the dynamics of
the vectorM is described by the usual Euler equations on the algebra SO.3/. Obviously,
the following casimir of this algebra is a first integral:

I DM 2
1 CM 2

2 CM 2
3 :

(b) The Lagrange–Poisson case:

A D B; x0 D y0 D 0
(the body is axially symmetric and the fixed point lies on the axis of symmetry). In
this case the Hamiltonian is invariant under revolutions around the axis of symmetry.
This action is Poisson and has an obvious linear integral which generates this action,
namely the momentum with respect to the axis of symmetry:

I DM3:

(c) The Kovalevskaya case:

A D B D 2C; y0 D z0 D 0:
The extra integral has the form

I D .a2M 2
1 C a2M 2

2 � 2al1p1/2 C .2a2M1M2 � 2al1p2/2;
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where 2a1 D 2a2 D a3 D a or, with the notation accepted in analytic mechanics,

I D .p2 C q2 C c�/2 C .2pq C c� 0/2; c D mgx0

C
:

The last case was found by Kovalevskaya while proving the following theorem:

• the three cases indicated above constitute all (general ) integrable cases of the
equations of motion of a heavy rigid body around a fixed point such that the
solutions are unique meromorphic functions of time as a complex parameter.

Here we say that an integrable case is called general when the problem is integrable
everywhere (for all values of the initial data).

Other general integrable cases for this problem are unknown, but there are interest-
ing particular cases of integrability. For example,

(d) the Goryachev–Chaplygin case:

A D B D 4C; y0 D z0:
The problem has the following extra first integral on the zero level surface I2 D ps

(i.e., for s D 0):

I D a2M3.M
2
1 CM 2

2 /C l1p3 D Cr.p2 C q2/Cmgx0� 00;

where a D a1 D a2 D A�1.

(e) The Hess case:

y0 D 0; x0
p
A.B � C/C z0

p
C.A � B/ D 0:

The function
I D l1M1 C l2M2 D mg.Ax0p C Cz0r/

is not conserved by the motion: PI ¤ 0 almost everywhere. However, for I D 0 we
obtain PI D 0. Thus, the problem is integrable on the level surface fI D 0g on which
the function I is a first integral.

There are also three known general integrable cases for the Kirchhoff equations:
the Kirchhoff, Clebsch, and Steklov cases. No analog of the Kovalevskaya theorem
has been established for these equations.
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Special unitary group SU.n/, 123

Sphere, 12, 52
with handles, 42

Spherical coordinates, 37
Spinor representation, 149
Structure constants, 126
Structure group of a bundle, 73
Subcovering, 50
Submanifold, 12, 55
Subspace topology, 49
Symmetric connection, 30, 75
Symplectic

form, 161, 162
leaf, 174, 175
manifold, 161, 162
reduction, 187

Tangent
bundle, 31, 61
space, 12, 54
vector, 54

Tensor, 59
field, 60
product, 60

Topological
manifold, 51
space, 49

Topology, 49
Torsion of a curve, 9
Torsion tensor, 72
Torus, 57
Total space of a bundle, 73
Transitive action, 92
Twisted

Poisson bracket, 168
symplectic form, 168

Unimodular group SL.n/, 119
Unitary

group U.n/, 121
representation, 135
transformation, 122

Variation, 33
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Variation field, 33
Variational derivative, 164
Vector

bundle, 73
field, 28, 73

Vector field, 60

Volume form, 62

Wedge product, 62
Weingarten equations, 24

Zero curvature equations, 79
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